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PREFACE. 



The Deductions in this work, which is chiefly intended 
to assist the young mathematician^ in the solution of Plane 
Trigonometrical Problems, are with a very few exceptions 
original; though they have purposely been rendered similar 
to those which are proposed at College Examinations. The 
leading propositions on which they are founded may be met 
with in any of the Elementary Treatises, and are here in- 
serted for the greater convenience of the Student. For 
Problems and Theorems, in those branches in which the work 
is deficient, the Student is reifen;ed to the copious selection 
(at the end of Mr Hind's Trigonometry), which he will find 
no difficulty in working, when he thoroughly understands the 
principles on which the present ones are formed. 



CONTENTS. 



CHAPTER I. 

PASS 
FORMULJC... 1 



CHAPTER II. 
Progressions 27 

CHAPTER III. 
Right-angled Triangles 99 

CHAPTER IV. 
Oblique-angled Triangles... 48 

CHAPTER V. 
Equations G3 

CHAPTER VI. 
Series * 86 

CHAPTER VII. 
Miscellaneous 101 



SYMBOLS, &c. 



In any plane triangle, unless otherwise expressed^ 

A, By C are the angles^ 

a, h, c corresponding opposite sides^ 

S is the semi-perimeter, 

K area^ 

R^y Rg, are the radii of the inscribed and circumscribing circles. 
In a right-angled triangle C is always the right angle^ 

^y fpy "^f X ^^ circular arcs, 

TT is 180^ 

3 . 141592653590 is the area of a circle whose radius is 1, 

€ is the base of Napier's system of logarithms, ' 

Sy, Sg, are the sums of series, 

'^rS '^a"^ denote -^ and -^ , 

sin~^m, cos'^n^ &c. denote the arcs whose sine^ cosine, &c. are 

The radius of the circle is always supposed to be unity. 



FUNDAMENTAL PROPOSITIONS. 



(1) Sind = cosg-^) = -co8g + a). 

(2) cos^ = rin^^-a) = 8in(| + aV 

(3) 8in^ = 8in(9r-^) = ~sin(v + 6) = 8in(2v + a) = -8in(27r-a). 

(4) cos ^ = - cos («• - ^) =- cos(7r + ^) = co8(2w + 6) =co8(2 ir - 6). 

(5) tana= cot ^^ - ^) = " ^®*(i "*" ^) = ~ tan (▼ - 6). 

(6) cot 6 = tan (^ - ^"^ = - tan (^ + ^^ = - cot (at - 6). 

(7) sec ^ = cosec ( - - ^\ = - cosec (? + ^ ) 

= - sec (w- ^) = - sec (w + 6), 

(8) cosec6 = secf ^ - ^j = - sec f ~ + ^j = cosec (ir - 6). 

(9) J{^-chd'0)^chd(7r-e). 

(10) sin ( - ^) = - sin ; cos ( - ^) = cos 6 ; vers (- 6) = vers (^ ; 

tan ( - a) = - tan 6. 

cot(-^) = — cot0; S€c(-^) = sec^; cosec(-^)=— cosec f?; 

chd(-0) = chd^. 



(11) O = cos|; cos = 1. 



FUNDAMENTAL PBOPOSITION^. 



(12) l=8in| = 



. Sir 
-Sin--— = 
2 



•jr IT Sir 

tan- =cot-=-tan-r- 
4 4 4 

Sir t^jM^ 
— oosec -^ = end - . 



-cot— 



(13) 2 = sec- = co8ec 



6' 



(14) 2 = 8ing = co8- 



(15) -^=8in^=cos^and72^V2=chdj; V2-l=tan22*.30'; 

^2 4-l = ten67V30'. 

- r»v . T IT Sir V jT ■• jSir 

(16) ^/2 = secj = cosec j =- sec — = chd- = end— . 



(17) iL = 8in- = co8g. 



(18) -^=8ecg = co8ec-. 

(19) 73 = tan3 = cotg=-t«i(^— j. 



(20) ^ = tanJ = cot|. 



(21) 2 + ^3 = tan75; 2-^3 = tanl5; 5^^:^-^;:;^ = sin 75 = cos 15, 



n/3 + 1 . 

• ^ — ail 

2^2 



(22) 



and "^ — 73~= ^^ ^^ = co875. 
2j^2 

5/^-ii=sin54 = cosS6; i^^^j^ = sin 18 = cos 72 ; 
4 • 4 



^ ^^ = sm 72 ; — ^^l_ = sm So. 

4 4 

(23) 1 = sin*a + cos'O = sec'^- tan'O = eosee*0 - cot'O, 
= sin ^ . cosec Q = cos 6 . sec 6 = tan . cot B, 



FUNDAMENTAL PROPOSITIONS. 



XI 



(24) vers ^ = 1 - cos 6. 



(25) 



cjhd d^j2. vers 6 = ^2 - 2 . cosO = 2sin-, 

2 



cos 6 = 



cota 2-chd*a . ^ tana 

- : sina = 



cosecd 



2 



sec a * 



/o^\ * /3 8™^ ^ A cos a 

(26) tsLr\0- ^; cota = -:— 5. 

^ ^ cos sm a 

(27) cota + tenO = 2co8ec2a; cota-tana = 2cot2a. 

(28) tana = co8ec2a - cot2a; cot a = cosec2a -»- cot 2a. 

, X . /I . .» /I 2 tan a 

(29) sin2a = 2sina. cosa = - — - — ^^. 
^ ^^ 1 + tan' a 

, X .» ^^ .•/»!- tan' a 

(30) cos 2a = cos' a - sm'a = g^ . 

/o,x -^ l-»-cos2a 

(31) cot'a=- -^. 

^ '^ 1- cos 2a 

(32) 1 +co82a = 2co8'a; 1 -cos 2a = 2 sin' a. 

/«^N . ta l-cos2a 

(32) tan*a = - -3. 

^ ' 1 + cos 2 a 

^ X n 2 . tana 

(33) tan2e = -f-^^^. 

(34) sin3e = 38infl-4sin'0; co83fl = 4co8'fl-3co8tf. 

(»*) ^"^'^^ 3t«i'tf-l • 

(36) sin (a «fc ^) = sin a . cos «*= cos a . sin ^. 

(37) cos(a«fc0) =co8a . cos^7 sina . sin0. 

^ X /^ X tan a ± tan , ^ /ii ^ j.\ cot a . cot =p 1 

(S%^ tan(a±d)) = ;5 ^ and cot(a±0) = — ^ .^ \n » 

V^o; u*iiv r; i^tana.tan^ ^ ^' cot0±cota 



XU FUNDAMENTAL PROPOeiTlONS. 



/«^\ I a 1 ^ I / sec ^ . sec \ 

(39) sec-* $ ± sec"* </> = sec* | jT \ ; 

, , a , . , / cosec ^ . cosec \ 

and cosec"' * cosec"* = cosec"* ( — ■ j-. — - - ^-^ — 1 . 

\Jco8ec' - 1 ± ^y cosec' ^ - 1 / 

(40) sin ^ + sin = 2 sin (-~^) • cos (-^) , 
sm 9- sm = 2 cos I -^^ ) • P>n ( — r^ I ^ 
cos 4- cos6 = 2 cos I —^ ) . cos [ — — ^ j , 



(43) 



(44) 



cos 



- COS ^ = 2 sin I — ^ 1 • sm ( — ^ J . 



(4 1 ) sin (^ -f 0) . sin (^ - 0) = sin* - sin" 0, 

cos (^ + 0) . COS (^ - 0) = cos'^ — sin'0. 

(42) sin (^ + 0) + sin (0 - 0) = 2 sin . cos 0, 
sin (6 +.0) - sin (6 - 0) = 2 cos $ . sin 0, 
cos (0- 0) + cos (6 4- 0) = 2 cos 6 . cos 0, 
cos(^- 0) — cos (0 4- 0) = 2 sin 6 . sin 0. 



sin (^ + 0) _ tan 6 + tan ^ 
sin (6 — 0) tan 6 — tan (p ' 

sin ^ + sin <^ \ 2 / 

sin 6 — sin 



sine + sin » ^^/0 + »\ 
^ COS ^ + COS \ 2 / 



cos 6 + cos 

(46) In a right-angled triangle 2 /^i - c. 

(47) In any triangle^ tan A . tan B . tan C = tan ^ 4 tan 1? + tan C, 

cot A . cot B + cot B . cot C 4- cot C. cot y4 = 1. 

(48) In oblique-angled triangles^ 



sin A a 


sin£ b 


sin A a 


iwTB"?^ 


sin C~ c' 


sin C ~ c 



• • • 



FUNDAMENTAL PROPOSITIONS. XIU 



(49) K = -r- ,smC = — ,sinB = — ,9mA 

^ ^ 2 2 2 

= JS.(S-a).{S-b),{S-c). 



(50) cos A = — —J , cos S = — , cos C = ;r— r — • 

^ ^ 2bc ' 2ac 2ao 



COS 



C_ /[ S.{S-c) \ 

2 VI «* )■ 



, tan 1 — X — I 
rKA.\ « + * V 2 / 



tan 



N N 

{55) N degrees = ^+ -- grades ; N grades =zN-— degrees. 

I 

(56) cos »6*fc^-l.sinn^ = (cos ^ ± ^ - I . sin d)*, where n may 
be either positive or negative, integral or fractional. 

(57) If 2cos^ = jr + -, then 2cosn6 = jr"-»- — , where n may 
be either integral or fractional, positive or negative. 

(58) co8<» = , sme = — ^-j . 

(59) fl = tane-i.tan»ft+i.tan»fl + i.tan'fl+ 



XIV FUNDAMENTAL PROPOSITIONS. 



fi B fi 

(60) ^ = 8in^.sec-.sec-.secrr 

^ ' 2 4 8 

(61) | = sina^i.sin2a + i.8m3a-i.sin4a+ 

2 A o 4 



I 
I 



(62) Bing = fl-^^^ ^ g/g^^ - 

(6s) cosO'i-fTa+TXiTi-TIaTITiTO-' 

(64) tanfl = «> + _ + ^-^ + 

(65) secfl=l+— + j-2-3^+ 

(66) cos^ + co83^-f-cos50 + cos(2«-l)a = ^^^ 

(67) 008^ + 00826 + cos 3^+ cosn^ 

6 



cos 



/w + l\^ . nd 
I ^ )g.8in-— 
\ 2 / 2 



. e 

sm- 

2 



(68) 8in6 + sin26 + sin36+ sinw^ 



. n0 
sin I -^r~ It^ . sin --- 



. 

sm- 

2 



(69) cos6 + co840 + cos76+ cos(S«- 2)6 



. Snd 
cos I — - — J c; . sin -^ 



. 3d 
sm — 
2 



(70) sina + 8in46 + sin76+ sin(3n-2)6 

. /S«- 1\. . SnB 

sin I — r — 1 6 . sm --— 

\ 2 / 2_ 

sm-— 
2 



FUNDAMENTAL PROPOSITIONS. ^V 



(71) log jf" = w log 4P, log ar" = ° . 

ft 

(72) log {xy) = log jf + log^, and log f ^ j = log « - log^. 

(73) loge €' = X. 

^' ^ 1.2 1,2.3 1.2.3.4 



_ X 3b X 

6"^ = 1 - a? 4- -— - ^ ^ ^ + 



1.2 1.2.3 1.2.3.4 



(75) log.(l+ar) = jr--+--.^ + 



log.(l-jr) = -ar-~----- 



CHAPTER I. 



FORMULiE. 

1. Tan (v + a) =^ tan (27r + 6), 

tan (27r 4- a) = ^ 3( (26) 

^ ^ cos(27r + ^) ^ ^ 

sin 6 ,^. , ^ , 
-^ (3) and (4). 



cos 



A\soum(^ + 0)=^^^^^P^^ (26) 

^ ^ -COs('ir + ^) ^ ' 

sin^ , . J .. 

= b (3) and (4) ; 

COS0 ^ ' ^ ^* 

.•. tan (v + ^) »:tan(27r + ^). 



2. si„(^^.«)-sin(|:-0)=sin(^^-a)-si„(|%.), 

= COS 6 (2) ; 
and sin(^-.6j = 8in|^+^^-^0J| 

= -sing-(>) (S) 
= -cos6 (2); 
.-. sin f -^ + 6 j - sin f -^ - ^ j = 2 cos ^. 



FORMULA. 

Similarly it may be shewn that 



8i„ (^^ -e^ - $m (^ +o) = 2 COS 0, 
and .-. 8m(^+0j-8m(^ -0j=an(^-ij-an{-^ +ey 

3. cot(^|+#^-tan(| + #\ = 2cot2fl, 
cot0+fl)=-cotj^-(| + tf)} (6) 

= -tan0 (5); 
tanQ+e)=-tan{^-(^+fl)} (5) 

= -cotO (6); 

•*• ^®^ (i "'■ V ~ ^^^ Vi "^ V "^ cot - tana 

= 2 cot 2 6 (27). 

4. tan» (^ + a) -cot« (^ -^■ ^) = cosec* ^ - sec* a, 

tan ^^ + a) = - cot a (6); .-. tan* (| + ^) = cot" a, 
and cot (| 4- aj =- tan^ (5); .-. cot* (^ + ^) = tan" a, 

and .-. tan" (^ + Oj ^ cot" (^ + ^) = co^ 6 - tan" a 

= (cosec" 0-1)- (sec" 0-1) (23) 
= cosec" 6 - sec" a. 



FOBMUIii^. 



seCg.^).coseC(r..) 
4>. . =8ec2C7, 

sec* (^ + ^) - cosec* C^ + Q\ 

sec* ( 5 + ^) + cosec* (^ -^- ^ ) 
sec* f ^ + Q\ - cosec" f ^ + ^ j 



cosec'^ + sec* 6 



cosec* i 


\ — sec* 


Tq KU a 


1 


1 
cos*^ 


(23) 


1 


1 


sin*^ 


cos«^ 




cos*^4-sin*^ 




~ cos*a - 


sin»^ 




1 


(23) 


and (30) 


cosS^ 


= sec2^ 


(23). 





6. vers ( o **" ^ ) • ^^'^ (9 "* ^) "^ ^^'^ ^ * ^^''^ (w - ^) = 1, 
vers f ^ + 6j = 1 - cosf^ + 6j = 1 + sin6, 

vers^~^j = l-cos^-^j = l-sin^ (24) and (1); 



.-. vers U + ^) • vers U - ^) = 1 - «n'^ = cos*^ (23). 

Again vers ^ = 1 - cos 0, 

vcrs(w~^) = 1 -cos(w-6)= 1 +COS0 (4); 

.*. vers . vers (w - ^) = 1 - cos*^ = sin*^ (23). 

And vers ( 5 + ^) • vers ( ^ ~ ^} + vers 6 . vers (w - 0) 

= cos'O + sin'^ = 1 (23). 

1—2 



4 FORMULA. 



chd(^ +a) . chd(^ -a) . chda . chd(^ - 6) 
7. )^ i- !r ^ = 2tan2a, 

vers (o + ^ ) • ^®'® ( o - ^ ) - vers 6 . vers (w - 6) 

chd' (^ + ^) . chd' (^ - ^) • chd'^ . chd* (^ - 6) 

= 2 vers (| + ^ ) • 2 vers ( ^ - ^) • 2 vers ^ . 2 vers (ir - 6) (25) 
= l6 cos«a . sin'a. (Prop. 6) ; 

,-. chdf^ + aychd(^-aVchda.chd(ir-a) 
= 4 cos 6 . sin ^ = 2 sin^^. (29). 

Again vers (^ + ^) • vers ( ^ "" ^) ~ ^^^^ ^ • ^®^^ (^ - ^) 
= cos*^ - sin" a = cos 2 6. (Prop. 6) and (30) ; 

chd(^ 4- e) . chdf^ -^) . chda • chd(7r - 6) 



vers 



( - + ^ j . vers \a~ ^)- vers . vers (tt - 6) 



^ sin2^ ^^ ^^ .^^. 



chd'g + o)-chd'g-fl) 
a ^— ( )i-^ = sin fl, 

chd' (l + d) = 2 vers (^ + e) (25) = 2 1 1 - cos (^ + fl)l (24) 
= 2 + 28ine (1). 

Sinularly chd'(| -fl) = 2-28infl; 



chd'^%a)-chd'(^-.) ^^ 
chd'g + fl) + chd'g-fl) * 



and . 
= sin 0, 



FORMULA. 



9. y ( )LU^2tane. 

chdg-.a).chdg.^) 

clid"Q + ^j.chd«(^-a^ = (2 + 2sin^)(2-28ina) Prop. 8 

= 4-4 sin'B = 4 (1 - sin*6) = 4 cos'^ (23) ; 

.-. chd(^ + a).chd(^-a) = 2co8^, 
and 

chd^f^ + oVchd^f--^^ , . ^ 

7Z \ 7 r =97;;7^(^''®P- ^) =2- s = 2tana (26) 

chdg + a).chdg-a) ^"^'^ «^«^ ^ 

la chd(.-^) = ^?/, 

^ ^ chda ' 

chd(.-a) = 2sing-|) (25) 
= 2 COS- (2) 

2.(^2sin-.cos-j 

2 sin - 
2 

2 sin ^ , ^ 

= C29) 

2sin- 

^*^^^^ (25). 



chd^ 



11. ver8(7r - ^) = sin^ . cot -, 

<^ 

vers (v - 6) = 1 - cos (w - 6) (24) 
= l+cos^ (4) 

n 

= 2 cos* - (32) 



FOKMULiB. 




cos- 



2/, . 6 d\ 



2 




cot-, sin ^ (26) and (29). 



ver8(7r + ^) tan^ 



cos(2ir~0) 


0' 
tan- 

2 


vers (-n- 4 ^) 


1 + cos ^ 


cos(27r~^) 


~ COS0 







(24) and (4) 



cosd 

1 +tan'- 

= 1 + g- (30) 

1 - tan* - 
2 



l-tan»- 
2 



, 2tan- 

1 2 



^ .0 

tan - 1 - tan* - 
2 2 



^ (S3), 
tan- 



13. cosec (v - 26) . chd (tt - 26) = cosec 6, 

cosec (it - 2 6) = ^— ; -^ (23) 

^ ' sin (w- 2a) ^ ' 

' (3) 



sin 20 



2 sin 6 . cos 6 



(29). 



FOKHUt.^. 



Also chd (ir - 2 fl) = 2 sin (l^ - fl) (25) 

= 2008 fl (2); 
/. cosec (ir - 2fl) . chd (ir—Z6) = . i = cosec (2S). 



14. 



2 cot (^ -H fl) . cot (^ 



-a) 



cosec 



-«) 



= 1 + sin 6, 



cot(:+«).cot(r-fl)= 



tan 






(6) and (23) 



tan 



(H 



tan 



(I-) 



= 1. 



Also 



; V ; V = 2 sin ( J + a ) . cos ( J - a'^ 



sin- + sin 20 
2 



= 1 + sin 2fl (12) ; 



2cot (;-Hg).cot(^ 



-) 



cosec 



-') 



= 1 4- sin 2 a. 



cosec 



15. 



I 7 + « ) • cosec I T - :t 
\4 2/ \4 2> 



5 r 

cot - + tan - 



= tana. 



8 FORMULA. 



e ^ e 

cot--f tan- 
2 2 



cosec 



It + - / • cosec It-;;) 
\4 2/ \4 2/ 



= 2cos€ca . sinf j+ D . si^fj -g) ^^^^ *^^ ^^^^ 

= V4 2/ \4 2/ (i)^„d(23) 

sin ^ ' ^ ' 

in (I - 0) 



Sin 
sm 

cos 6 



(-.-j.cosec(^---j ^. 



cosec . . _ . . , _ . . 

sin V ^ A /^i?\ 

a ^ = ^ = tana (26). 

^ V . ^ V cos^ ' 

cot -4-tan- 

2 2 



,« ^^'°(i+i)-«'»(g-i) e 

10. . A — cosec - — cosec v, 

sm 2 

«» (g + i) • «'» (i - 1) = »'"• J - «»' i («) 

= i_si„.| (14); 



••4«™(j + i)-«n(g-D = l-48in'| 



= l-2i^l-co8|) (32) 




= 2 cos 5 — 1 J 



4sing + |).sing-D 2 



cos- 

2 1 



sm ^ sin Q sin d 



FORMUL.£. 



e 

2 cos - 

2 1 

« • ^ V sin 
2 sm - cos - **"* ^ 
2 2 



1 



9 



(29) 



.a sin a 

sm - 
2 

cosec -- — cosec 0. 

2 



17. (sec - + sin 2 6) . (sec ^ ~ sin 2 6) = 2 . (sin* 6 + cos* 6), 

(sec -- + sin 2 0) . (sec - - sin 2 6) 
4 4 

= (^2 + sin 2 0) . (^2 - sin 2 0) (I6) 

= 2-sin*2^ 

= 2-4sin»a.GOs*a (29) 

= 2(l-2sin*a.cos'0) 

= 2 { (sin*a + cos*a)« - 2 sin'0 . cos* } 

= 2 (sin*0 + cos*a). 



sec 



(i * •") 



18. ^— — = sinwd -I- cosn0, 

sec - . sec 2n0 
4 



(i*"«) 



sec ( T + »^ ) cos -J . cos 2 »6 



sec -T . sec2w6 cos (- +n0j 



(23) 



4 



cos - (cos* n0— sin* n 0) 

COS - . cos II 6 — sin - . sin «0 
4f 4 



(30) and (37) 



_ (cos w6 + sin n0) . (cos n0 — sin«0) , . 
cos n0 — sin 710 ^ 

= sin « + cos n 6. 



10 FOBMVhM. 

19. (2 cot4»^ + taxi^nQ) . (2 co8ec2ii6 - cot nd) 

IT IT 

= ^ (tan - + tan 710) . (tan - - tan n Q), 
2cot4»6+ tan2>i6 = cot2na- tan2w6 + tan2»6 (27) 

2cosec2it0 - cotn^ = cotnd + tannd - cotn^ (27) 

= tan nd ; 

.-. (2cot4«0 + tan2n^(2co8ec2/i0-cot«0) 

= cot2ft6 .tan 710 

1 - tan*n0 .. , . . 
= 2 (23) and (33) 

= i(l-tan*«0) 

= ^ (1 + tan 710) . (1 - tan 716) 

= ^ (tan - + tan n 6) . (tan - - tannO), 



^^ 1 + sin 20 + cos6 + sin 6 ^ 
20. r-^i ;; . ^ = tan 



(M)- 



COS 20 + cos 6 + sin 6 

1 + sin 2 6 + cos 6 + sin 6 
cos2 6 4- cos 6 + sind 

cos* 6 + sin* 6 + 2 sin 6 . cos 6 + cos 6 + sin B .^ . , ^. - , ^ 

rs ^-ra-. a =—5 (23), (29) and (30) 

cos* - smr 6 + cos (> + sin 6 v « \ ^7/ \ / 

(cos + sin 6)' + (cos + sin 6) 
(cos + sin 6) . (cos - sin 0) + (cos 6 + sin 0) 

cos 6 + sin 6 + 1 
cos 6 - sin 6 + 1 

« 2^ « • ^ ^ 
2 cos* - + 2 sm - cos - 

1 -^ 5 (29) and (32) 

2 cos^ - ~ 2 sin - cos - 
2 2 2 



FORMULiB. 


e . 


a 


cos - + sm 
2 


2 


e . 


1 


cos - - sin 

2 


2 


. 6 




sm - 

— 1 






cos- 




. 




sm - 

1 ^ 




cos- 

2 





1+tan- 


* 


(26) 





1 -tan - 
2 




tan - + tan - 
4 2 


TT 

1 - tan - . 
4 


, 
tan- 

2 



11 



(12) 



tan 



(14) 



(38). 



21. cos 20 4- sin 20 = 2 cos |(a - ^) + Jf • ^^^ |(a + ^) "" ^p 
cos 2 6 + sin 2 = cos 2 6 + cos ( - - 2 j 



sa 



= 2 cos 



■^6-'^) } 



l2a-(--20 



cos 



(40) 



= 2cos{(a-0) + j}.co8{(0 + 0)-^}. 



22. 





6 

vers - 

2 



sind 



chda-sin^' 



12 



24. 









FORMULA. 



cos- 

2 


= 






cos- 

2 






vers- 

2 


1 




-cos- 

2 




• 






2 sin - . 

2 


cos- 



2 sm - — 2 sin - . cos - 
2 2 2 



charting (25) and (29). 



iso. , , ^^ = tan - , 

end 20 2 



i_j«/i 4sin*- 
chd*^ 2 



chd2a 2sina 


yj^^j 


^ ' 90 

2sin'- 
2 


2sm-. 
2 



cos- 


. 
sm - 

2 

cos- 
2 




= tan- 
2 


(26). 


sec 6 


= tan* 0, 


cosec ^ . cot 


sec^ = 


1 
"cos^' 


cosec ^ = 


= ^ (23), 
sm ^ ^' 


cot0 = 


1 



tan ' 



FORMULiG. 13 

sec B sin 6 



.tarid 



cosec d . cot d cos B 

= tan»0 (26). 



or sec^. cot ^- cosec 0. tan ^ ^ 

5fio. ^ — ;— -r = cosec v . sec a, 

cos 6- sine? 

1 COS0 1 sind 



secO . cotd — cosecd . tan^ cos^ ' sin B sin * cos6 . ^ , , ^ 

a ^— n = a ' a (23) and (26) 

cos B -smB . cos 6 - sin 6 ^ ^ ^ ' 



1 



_ sin B cos B 
cos - sin ^ 

cos ^ — sin 6 
~ sin . cos B (cos B — sin 0) 

1 1 

sin d * cos B 

= cosec ^ . sec B. 

26. sin 2 ^ - chd 2 6 . cos 2 ^ = 4 sin —- . sin 6 . sin - , 

2 2 

sin 20 - chd 26 . cos 26 = 2 sin 6 . cos 6 - 2 sin . cos 26 

= (cos 6 - cos 26) . 2 sin 6 

^ . /26+6\ . /26-6\ ^ . ^, , 
= 2 sm I — 2" ) • 8*^ V ~2~y • 2 ^*"^ ^ (^^) 

• 

^ • 36 . ^ .6 
= 4 sm -— . sm 6 . sm - . 
2 2 

27. chd«26f- ?_-+.J_\ (" L^_.l^\ 

\l4-co826 sm26/ \l+co826 8in26/ 

= (tan"6 + l).(tan*6-l) 

chd"2 6/'— i— +— ?— ^ / ^ 1 \ 

\1 4- C082 6 sin2 6/ \1 + cos2 6 sin 2 6/ 

/ chd2 6 chd2 6\ / chd26 chd 2 6\ 
~Vl +COS2 6 ■"■ sin2 67 ' Vn.co82 6 8in26J 



1 4 VOBMVLM. 



_/2sm$ 2 sin 6 \ /2 sin 6 Ssin^ \ 

" \2cos*^ "*" 2 sin a . cos a/ * \»cos'$ ~ 2 sin d.cosd) 






_ / sm a 1 \ / smg 1_\ 

"VcosV cos^y \cos*a cosO/ 

_ sin'g 1 _ 1 /sia'e 
~ cos* 6 cos'O " cos' 6 

=-sec'd.(tan'e-l) 

= (tan*a+l).(tan"a-l). 



^ (cosec 6 + sec Of __ . ^ 

cosec*6 + sec* 6 ' 



cosec B 4- sec r = -: — ;? + 



sin cos 6 
cos 6 4- sin 6 

— ,, _ • 

~ sin . cos 6 ' 

m9 cos*6 + sin'a4-2 8ina.cosa 

.'. (cosec a + sec dy = r-5-5 ^ ^ 

^ ^ sin* a . cos' 

1 + sin 2 a . ^. J ,^ . 

= -^s /I ra (23) and (29). 

sin* . cos" 6 ^ -^ ^ ' 

Also cosec' + sec* = -7-77: + 



sin' cos' a 

_ cos' + sin' a 
" sin' . cos' a 

1 

~ sin' . cos' ' 

(cosec a + sec 0)' _ . ^ 

cosec" + sec* 



^^ cot' + cos* e ^ ^ 9Q 

29. —5-3 S7i=8ec'a4-tan'a, 

cot" - cos" a 

cot" + cos' 6 _ cos* + sin' , cos* 6 ^ 
cot'a-cos'd "" cos'd - sin'^ . cos'i^ ^ ^ 
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1 + sin' d 
1 - sin" e 

1 + sin' e 
COS* e 

1 sin' d 



cos' 6 cos' 6 
= sec' d + tan' ^. 



^^ tan ^ 

30. ; — — -— — 3 = cos 2^, 
tan 26- tan 6 



tan 26- tan tan 2 6 



tan 6 tan 6 



2 
1 - tan'6 ■" ^ (^^) 

1 +tan'a 
1 -tan'a 

1 



cos 2^ 
tand 



(30); 



Un2^-tan0 



= cos 2 6. 



^. tan2^.tan^ 

ol. --r = sin 2^, 

tan20~tan^ ' 



tan2(?^tang ^"^^^^ (Prop. 30); 

tan2^.tane 

'• ; — TTn — I — 3 = cos 2^ . tan 2^ 
tan 2 - tan ^ 

_- sin 26 

= cos26. ~i 

cos 20 

= sin 2 0. 



1 6 FORMUL-(B. 

tan 20 -sin 2d 

32. ^ la L = ^"^ 

tan20 + sin20 

tan2d-8in20 _tan2d . cot 20 -sin 26 . cot 20 
tan 20 + sin 20 ~ tan 20 . cot 20 + sin 20 . cot20 

^l-cos20 (23)3^^(26) 
1+COS20 ^ ' ^ ^ 

= tan'0 (31). 

2 sec 2 



33. sec" = 



sec20 + l' 



cos' d = ^ • (2 COS* 0) 

= 1(1+ cos 20) (32) 

"2V '*"sec20/ 

l /sec20+l\ 
~2\ sec20 /' 

and sec»0 = — rs (^3); 
cos* "^ ' 

,^ 2 sec 20 
.'. sec* = 



34. cosec* = 



sec20+ 1 ' 
2 sec 20 



sec20-l' 



sin*0 = i(2sin*0). 

2 



1(1 -cos 20) (32) 



= l(l \-\ 

2\ fiec20/ 

l /8ec20--l\ 
~2\ sec 20 /' 



and cosec' = . , ^ (23); 

sm* ^ '' 



cosec* B - 



FORMULiE. 

2 sec 2^ 



17 



8ec20-l * 



36. «in(-aO)-2co8(-fl) . t^H-^^ 

cosec (- ^) . sm ( - 6) . vers (-0) 

8in(~-2g)~2cos(~^) . tan(-^) 
cosec ( — ^) . sin ( - ^) . vers ( — ^) 

_--sin20-2cos0 . ( -tan^ . . 
~ - cosec 6 , ( — sinO) . vers ^ ^ '^ 

__ 2 sin ^ — 2 sin . cos 6 
sin 6 . cosec ^ . vers B 

2 . (1 - cos 0) 



cosec B . (1— cos 0) 



cosec B 
= 2sinO. 



ofi {cot(-a)^.8ec(-(?)}.{cot(~e)~8ec(^(?)}:ftan'(-a) 

{cot(- B) + tan(-0)} . {cot (-.^)- tan(-a)} + sec« (- B) -^^^^"^ 

{cot ( - ^) 4- sec ( - a)} . {cot(~a)-8ec(-g)}-i-tan'(--g) 
{cot (-6) + tan (-0)} . {cot(-a)-tan(-a)} + 8ec"(-a) 

cof (-e)--{sec'(~a)--tan'(-a)} 
cot"(-a) + {sec»(-a)-tan«(-a)| 

cot»e-l ,, . 
1 



cota- 



cota 



cot a + 



cota 

cot B — tan B 
cot a + tan a 

2cot2a 



2 cosec 2 a 
= cos 2 a (25). 



(27) 
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o^ ^ ^a tan2d + cot2^4 co8ec26 
37. 2cosec46 = — — , 

1+CO820 ' 

2co8ec4(0(l +cos20)-2oo8ec4O + 2cosec40.cos2d 

2 cos 2 
= tan204-cot20 + -j^^- (27) and (23) 

= tan 2^ + cot 2^ + -.^-5 (29) 

sin 2 a ^ ' 

s: tan 20 + cot 26 + cosec 2^; 
tan 20 + cot 20 + cosec20 



.'. 2co8ec40 = 



1 + cos 20 



00 sec20(l + sin20) + cosec20(l +CO820) , 

38. ^^ ^ — :; ^^ — 7i = 1 + tan 0, 

cot20 + tan20 + co8ec20 

1 sin 2 

sec20(l + sm20) = ;t5 + — -^ = 8ec20 + tan20, 

^ ' COS20 COS20 

1 cos 20 
and cosec20(l 4-co820)= -r-7r5+-^— --T-=cosec20 + cot20: 
^ ^ sin20 8in20 

.'. sec20(l + sin20) + cosec20(l +COS20) 

= tan20 + cot20 + cosec2 + sec20; 

8ec20(l 4-8in2 0) + co8ec20(l + co820) 
tan20 + cot20 + co8ec20 

sec 20 
= 1 + 



cot20 + tan20 + cosec20 

_ sec 20 .p 

~*'^2cosec40(l+co820) t^'^' ^7). 

sin40 . . 

= 1 + 



* • 2co820(l 


+ CO820) ^" 


^) 


8in20 
~, 1+ cos 20 


(29) 




, 2 sin . cos 

"*■ 2 CO8'0 


- (29) and 


(82) 


-1 ™^ 

"" COS0 






= 1 +tan0. 







39. l+chd4a = 
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cos 6 — sin ^ ' 
cosSd-h sin 86 = 41 cos^O ^ 3 cos ^ + 3 sin ^ - 4 sin»^ (34) 

= 4(co8»a-sin«^)-3(cose^sin0); 
cos 3 6 + sin 3 . /cos' 6 - sin'^^ 



+ sm3e _ / cos'O-sin'^ N 
-sin^ " Vcos^-sina/ 



cos 6 

4 (cos*^ + cos 6 . sin 6 + sin'0) - 3 
4 (cos'a + 8in'0) + 4 cos . sin a - 3 
l+2sin2a (23) and (29) 
l+chd4a (25). 



cos 
40. 

sm 



cos 



^-g-J = co8-.co8|: + 8in-.8m| = cos(^2:^j (37); 

COS I -^ I 

= SSTTT^J (29) and (37) 

o^^„|(g-^») + (0 + >^)j ^^ j (g + »)-(^ + >f.) l 

8in(^ + >/r) 

COS(a + ») + C08(<^4-V^) ,^ . 

sin(a + ^) ^*^)- 



2—2 



20 FORMULA. 

^ 41. sin45« = 8in75*»-sinl5^ 

sm75«.8in,5-=2.cos(I^l±i^.sin(I^) (40) 

= 2 cos 45® . sin 30* 
= cos 45® (14) 
= sin 45® (15) 
Cor. Hence sin 45® = cos 15® - sin 15®. 

^^^ff' = 8inl5®~sin75®, 
sec 225® 

^ ^^^' = sin 225® (25) 
sec 225° ^ ' 

= -.8in45® (S) 

= sin 15® - sin 75®. (Prop. 41). 

43. chd 72® = 2 cos 54®, 

chd 72® = 2 sin S6® (25) 
= 2 cos 54® (1). 

44. cos 36® = 2 cos 27° . cos 6S®, 
cos S6® = sin 54® (2) 

= sin 126® (3) 

= 2 sin ^Z"" . cos GZ"" (29) 

= 2 cos 27° . cos 63® (1). 

46, coscc 18® - cosec 54® = cosec SO®, 

1 1 



cosec 18® - cosec 54® = -r 



sin 18® sin 54® 

sin 54® - sin 18® 
sin 54® y sin 18® 
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/54« + 18% . /54^ - 18"\ 



cos SO® . sml8^ 

2 cos 36<^. sin 18® 
" cos 36® . sin 18® 

= 2 

= cosec3(y (13). 

46. sec 72® - sec 36° = sec 60°, 

1 1 



sec 72® - sec S6® = 



cos 72® 'cos 36*^ 

cos 36® -cos 72® 
cos 36° . cos 72® 



^ . /72® + 36®\ . n9°-36°\ 
2 sin [^—^ "^ . sm i \ 

ii . ,,; . ^\ — i i (40) (1) and (2) 

sm 54® . sm 18® v / v / v y 



- ^ sin 54® . sin 18° 
~ sin 54® . sin 18® 

= 2 

= sec 60® (13). 

47. chd225®=chdl35®, 

chd 225® = 2 sin 1 12®. 30' (25) 
= 2 sin 67^ SO' (3) 
= chd 135® (25). 

48. sin* 67® . SO'- sin* 22® . 30' = sin 45® 

sin* 67® . SO'- sin* 22® . 30' = sin* (^\ - sin* (pi 






4 IT . 4 W 

= COS* - — sm* - 
o 8 
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= (co8'|+8m«j).(co8'^-.in'^) 



= cosJ (23) and (30) 
= sin 45° (15). 

49. sec 45°. vers 45" =^ thd 270°- chd 60°, 
sec 45°. vers 45® = 



,0 ... 1 -cos 45® 



cos 45° 
= -1^.(15) 

= chd270»-did60» (16) and (12). 

« 

50. sec 225° = cos 1 35"* - cos 45°, 

cos 1 35° - cos 45° = - 2 cos 45® (4) 

= -^2 (1*5) 
= -8ec45° (16) 
= sec 225° (7). 

51. cos 15° + sin 15° = ^ (chd 300® . chd 270® . chd 240®), 
cos 15® + sin 15® = sin 75® + sin 1 5® (2) 

_ . /75®+15®\ /75®-15®\ , , 

= 2sm(^ -^.cos(— ^_) (40) 

= 2 sin 45®. cos 30® 

= 2 sin 45®. sin 60® (2) 

= i (2 sin 30® . 2 sin 45® . 2 sin 60®) (14) 

= ^ (2 sin 150® . 2 sin 135® . 2 sin 120®) (3) 

= i (chd 300® . chd 270® . chd 240®) (25). 



FOI»fUL^. 2S 

52. chd 252'» = (chd 108<» + chd 60») . (chd 108* - chd 6(f) 
did 252« = 2 sin 126^ (25) 

= 2 sin 54» (3) 

but 

(did 108«+ chd 60°) . (chd lOS'^- chd 6CP) = chd" 108°- chd" 60 

= 4 sin" 54° - 4 sin" 30° (25) 

= (^^1 (,2)and(14) 

2 

" 2 ' 
.-. chd 252°= (chd 108° + chd 60°) (chd 108°- chd 60°). 

53. sin 108° = (sin 81° + sin 9°) . (sin 81° - sin 9°), 
sin 108° = sin 72* (3) 

= sin 90° . sin 72° (12) 

= sin (81^9°) . sin (81*^-9°) 

= sin" 81°- sin" 9° (41) 

= (sin 81° + sin 9°) . (sin 81° - sin 9°). 

54. sin" 33f* + sin" 27® = sin" 45° + sin" 3°, 

sin" SS"" - sin" 3° = sm {33 + 3)° . sin (33 - 3)° (41) 

= sin 36"" . sin 30° 
= i sin 36° (14) 
= sin 18°. cos 18'' (29) 
= sin 18°. sin 72° (2) 
= sin (45 + 27)^ sin (45 - 27)" 
= sin"45°-sin"27*'; (41) 
.'. sin" 33° + sin" 27° = sin" 45° + sin" 3°. 
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55. sin*. 63° ~ sin* 27° = sin 1 44°, 

sin" GS'' - sin* 27° = cos* 27° - sin* 27° (1 ) 

= cos 54° (30) 
= sin 36° (2) 
= sin 144° (3). 

56. sin* 54° - sin* 1 8° = cos 54° . cos 1 8°. 

sin* 54° - sin* 1 8° = cos* %%'' - sin* 18° (l ) 

= cos {S^"" +18°). cos {36'' - 1 8°) (41 ) 
= cos54'^.cosl8°. 



e^ cos 3° -cos 33° ^ ... 
/ sm 3° + sm ZZ"" 



cos 3° -cos 33° 



^ . f3Z^3\ . /SS-SX'^ 

' '''' (^j ' ^^" (-^) 

sin 3° + sin 33° ^ . /33 + 3V /33 - 3\° 

2sin(^^-^).cos(-^~) 



(40) 



_ sin 15° 
~ cos 15° 

= tan 15°. 



^ . sin 33° + sin 3° 

58. = cot 72°, 

cos 33° + cos 3° ' ' 



sin 33° + sin 3° 
cos 33° + cos 3° 



^ . /33-^3\° /33-3y 

^ (33-\^3\° r33-3\° 

2 cos (^-^ j . cos (^-^) 



(40) 



_ sin 18° 
~ cos 18° 

= tan 18° 
= cot 7'^?. 
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^^ COS 0° + sin 9® 

59. ^- r-l- = tan 54^ 

cos 9® - sm 9» 

cos y 4- sin y cosy 

COS y - sin y " sin y 

~ cosy 



- ^ + tan 9<> 
~ 1 - tan y 

_ tan 45*^ -f tan y . 

~ l-tan45*>.tany ^ ' 

= tan (45 + 9)° (38) 
= tan 54^ 



60. ^-gjj;; -"";;: = tan 18S 
COS 270 + sin 27° 

sin 27Q 

cos 27*^ - sin 27*^ cos 27^ 

cos 27^* + sin 27° ~ sin 27° 

cos 27° 

_ 1 - tan 27° 
"" 1 + tan 27° 



61. cosec 100° = 



tan 45° r- tan 27° 
"■ 1 + tan 45° . tan 27** 

'= tan (45 -27)° (38) 
= tan 18°. 

sec' 50° - 4 sec 10° . tan 10° 



(12) 



2 tan 40° 
sec* 50° - 2 cosec 100° . tan 40° 

= tan' 50° + 1 - tan 40* (cot 50° + tan 50**) (23) ^d (27) 

= tan* 50° + tan 50° . cot 50° - tan 40° (cot 50° + tan 50°) (23) 

= tan 50° (cot 50° + tan 50°) - tan 40° (cot 50° + tan 50°) 

= (tan 50° - tan 40°) . (cot 50° + tan 50°) 

= {tan (45 + 5)° - tan (45 - 5)°} . {cot (45 + 5)° + tan (45 -f 5)°} 
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_ / tan 45^ + tan 5" __ tan 4>5<> - tan 5*^ \ 
"" \1 - tan 45*' . tan 5* "" 1 + tan 45« . tan 57 

/I - tan 45<^ . tan 5^ tan 45<> 4- tan 5° \ . v 
\ tan 45« + tan 5« "^ 1 - tan 45'» . ten 57 ^ ^ 

/ l+tan5<> l-tan5° \ /I - ten 5^ 1 + tan 5° \ . . 
" U - ten 5« 1 + ten 5V \1 + tan 5« **" 1 - ten 57 ^ ^ 

^ f (1 + tan 5^)' ~ (1 - tan 5^ ) ( (1 - tan 5<>)' + (l + tan S"")' ) 
"I 1 -tan»5*» [ 1 1 -tan»5« ) 

/ 2tan5«> \, / I + ten'5o \ 
" \1 - tan«5V \1 - tan«57 

= 4 tan 10° . sec 10" (S3) and (SO) ; 

.-. sec" 50" - 4ten 10" . sec 10° = 2 cosec 100" . tan 40" ; 

sec" 50"- 4tenl0".8ecl0" 



.-. cosec 100"= ^ ^^ 

2tan40" 

62. cosec 75° . cosec 15" = 4, 

cosec 75" . cosec 15" = -r- 



sin 75" sinl5" 

^J^ g^/g /on 
^s + iV^-i ^ ^ 



^8 
~2 

= 4. 
CoR. Hence sec 15" . cosec 15*^ = 4^ 



Each of the expressions in this chapter is calculated to Radius 
(1)^ and might be proved in a similar manner if (r) were assumed 
as Radius; or it might at once be transferred from Radius (1) to 
Radius (r) by the rule laid down in the Elementary Treatises. 



CHAPTER II. 



PROGRESSIONS. 

63. Vers 45*^ is an Arithmetic mean between sec 60^ and sec 225^ 

2 vers 45** = 2 - 2 cos 45*' (24) 
= 2-^2 (15) 

= sec 60» - sec45» (13) and (l6) 
= sec 60'' + sec 225° (7) ; 
sec 6(y* + sec 225** 



.'. vers 45** = 



2 



That is^ vers 45® is an arithmetic mean between sec 60° and 
sec 225^ 

64. cosec 150® is a Geometric mean between Cosec 105® and 
cosec l65®. 

cosec* 1 50® = cosec' 30® (8) 
= 4 (13) 

= cosec 75® . cosec 15® (Prop. 62) 
= cosec 105 . cosec l65® (8); 
.*. cosec 150® = ^cosec 105® . cosec l65®. 

That is, cosec 150® is a Geometric mean between cosec 105® 
and cosec l65®. 

65. cos 60® is a Geometric mean between cos 36® and cos 72®. 

cos«60® = i (14) 

4 
= 1^ 
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5- 1 



16 
= COS 36°. COS 72* (22). 



That isj cos60° is a Geometric mean between cos 36° and 
cos 72°. 

66, sin -- is an Harmonic mean between tan ~ and cot '- . 

4 8 8 

^ . TT IT 

2 Sin - . cos -- 

sin ^ = — ^— — (29) and (23) 
4 .-X .T^'^ 

sm* - + cos' - 
8 8 

2 



. IT IT 

sin- cos- 

+ 

ir , IT 

cos- sm - 

8 8 



2 tan - . cot - 
tan - + cot - 



(23) and (26). 



MP IT IT 

•- is an Harmonic mean between tan — and cot - 

4 o o 



67. If chd' 6, chd* and chd* x^ be in Arithmetic Progression ; 
then sec 6, sec ^ and sec x//- will be in Harmonic Progression. 



sec 





1 
cos^ 

1 






1 - vers <[> 






2 






2-2 vers ^ 






2 



2-chd'0 ^^^^ 
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4-2 chd' ^ 

4 

(2 - chd» 0) + (2 - chdSf) 

4 

2 cos 6 + 2 cos xl/- 



(25) 



COS 6 + cos >//■ 

_ 2 sec . sec \^ 

cos 6 . sec 6 . sec >//• -i- cos \|/" . sec yU . sec 

2 sec . sec x//- . . 

= 'i ^ (23); 

sec >//- -I- sec ^ ^ ' 

.'. sec 6, sec ^, sec >//• are in Harmonic Progression. 
68. The value of + <[> + yj^ is —- where ^, 0, V^- are in Arith- 

o 

metic Progression^ shew that 

cosec* Q — sec* ^ _ • ^ , 
cosec* d + sec* Q" ^' 

1 1 



cosec' Q - sec* _ sin* Q cos* ^ 
cosec* 6 + sec* "" 1 1 



+ 



sin'0 cos*0 

_ cos* Q — sin* 6 
~ cos* Q + sin* Q 

= cos 2 (23) and (30). 
Now -^ = + \^ + ^ = + >//- + — —^ by hypothesis 

= |.(^ + >^); 



/. + x^ = ^ and = j->/.; .-. 2a = ~-2>^, 
and cos 2 = sin 2>//' ; 
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. cosec* ^ - sec* . ^ , 
consequently -j— .-^--^-^ = «n 2^. 



69. G+<t> + '4^ = ^ and cos^d, cos20^ cos 2\//- are in Arithmetic 
Progression, shew that 

tan 6, tan ^, tan >f/> are also in Arithmetic Progression, 
cos 2 + cos 2 "^^ 2 cos 2 ^ by hypothesis^ 
or cos2V/>~cos2^ = cos2^-cos2^; 
.-. 2sin(0 + \^) . sin(0-\|/') = 2sin(^ + ^) . sin(^-^) (40) 
sin (^ - >^) . cos = sin (0 - <l>) , cos yj/^ (2) ; 

8m(<l>-\l/) _ sin(0-^) 
cos <p . cos >//- cos • cos ^ ' 

sin <l> . cos x^ — cos <l> . sin >//• _ sin . cos ^ — cos . nintp . ^ 
cos ^ . cos yf/^ cos ^ . cos <[> ^ ^ 

sin sin \^ sin sin 

or — = ;; — 

COS<t> COSV/' cos 9 COS0 

or tan - tan yj/^ = tan - tan <p ; 
.*. tan + tan \//^ = 2 tan 0, 
or tan 9^ tan^, tan>//- are in Arithmetic Progression. 

70. The sum of three arcs is 135; their tangents are in 
Geometric Progression^ and the sum of the tangents of the ex- 
tremes is 4. What are the arcs? 

Let the tangents of 0, <p, yf/^ he respectively denoted by -j-, 
X and x.Jy* 

__ X 

Then —r-^x Jy = ^- tan + tan y\r by hypothesis^ 

X 

and tan . tan yj/^ = -j- , x . Jy = x*. 

Also ^ + >^ = 135 - ; 

.-. tan (a + >^) = tan (135 - 0), 
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tan d + tanyj/^ _ tan 135 - tan ^ , 
1 -tan0.tan\|/' ~ ll-tanl35.tan'^ ^ ^' 

1 — jr 1 —X ^ ' 

jr+ 1 

.-. a:® + jr' + 3a?- 5 = 0, 
or (ar'-l) + (ar«-l) + 3(a:-l) = 0, 
or {(j:' + ar+l) + (ar+l) + 3}.(ar-l) = 0. 

Taking the quadratic factor ar* + 2 ar + 5 = 0, we get two imaginary 
roots; but taking the simple factor j?-i=0, we have x=l; 

••• >/y=2±Vs; 

••• tan0=^— ^ = 2t^3; and .-. a =15 and 75 (21). 

tan>^ = 2±^3; and .% V^ = 75 and 15. 

tan0 = l; and /. ^ = 45 (12). 

71. If 5'i = sin0 + 8in»a + sin»0 + 

and i^a = sin6-sin*0 + sin'*0- 

Then tan is a Geometric Mean between S^ and S^, 
sin 9 .. an Harmonic S^ and S^ 

* 

Qosec^ Arithmetic S{-^ and Si^\ 
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Si = sin + 8in'0 + sin'^ + = ^:— » , 

1 - sin ^ 

Sa = sin ^ - sin'6 + sin*^ - = :— ^ : H ind's Algebra, 270. 

' 1 + sm ^ -B ' 

^ ^ sin*^ sin'0 ^ .^ 
1 - sm'^ cos*^ 

.*. J Si . 6\ = tan i which is .*. a Geometric Mean between ^i and S^ 

sinB sin 6 _ 2 sin 6 _28in^ 

Again ^1 + '^«= I _ gin^ "^ 1 + sin^ " 1 - sin'0 " "SS??' 



and 2^1.-^8 = 



2 sin'^ 



cos'0 



a/i > 



2 V S 

/., p ^' o' = sin ^ ; which is .*. an Harmonic Mean between 5', and 5,. 

A, o , o 1 l-sin0 1 + sina 2 ^ ^ 

Also 5,- +AV = — =— z— -^ — ;-^- =-;— ^ = 2cosec^; 
* * sin0 8in0 sin^ 

O -1 , O -1 

.'. —^ ^=cosec0: which is .*. an Arithmetic Mean between 

2 

Sr' and 5r'- 

72. In a plane triangle 

«^.^ = cos(^-^j.cos(^-^j.cos(^-^j; 

shew that chd^, chd£, chdC are in Geometric Progression. 
W- = cos^-^~j.cos(^-^j.cos(^-g-j 

= sin-.sin-.sin- (1); 

, ,B , C . A 

.-. sin' - = sm - . sm - ; 

. a B ^ . (J _ . A 

.-. 4sm' — = 2sin--.2sm — , 
. % % ^ 

or chd" B = chd C. chd A (25) ; 
.-. chd5 = ^(chdC.chd^). 
That is^ chd A, chd B, chd C are in Geometric Progression. 
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73. In a plane triangle tan i4 . tan C = 3^ shew that cot A, 
cotB, and cotC are in Harmonic Progression. 

S = tanil .tan C; 

••. StanJSstani^.tanjB.tanC-tani^+tan^+tanC (47); 

.*. 2 tan B = tan A + tan C; 

•% tan A, tan B, tan C are in Arithmetic Progression ; 

and .-. cc^A, ct/tB, cot C their reciprocals, will be in Harmonic 
Progression. Hind's Algebra, 277* 

74. versijf^ versB, versC are in ArUkmetic Progression. 
Also 

What is the value of A + B + C} 



cos 



= -cos(i4 + C) (SO) 
= cos{w-(i< + C)} (4); 

2cos{w- {A +C)} = 2cosr j .cosf — ^j 

= cos i^ + COS C (40) 

= 2 - (vers A + vers C) (24) 

~ 2 ~ 2 vers B, by hypothesis ; 
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/. COS {ir - (-4 + C)} « 1 - vera B 

ss: cos jB; 

.-. il + JB + C = ir. 

75. il, J?^ C the angles of a plane triangle are in Arithmetic 

Vrogtemtmt and 

sin if _ ^ 3 + tana; 
tmC JS - tan*' 

Shew that {x) is the common difference. 

SB^^B-k-B^A-^C-^-B, by hypothesis 







2S 


»-; 










t 
■m • 


»-!= 


* . 


A + 
% 


C 


B = 


3* 



Now JS-i-taxkx : JS- tan* :: sin^^ : sin C; 

.*. JS : tanar :: sin il + sin C : sin^i - sin C 

Hind's Algebra, 241, case 6. 



^■-(t^^-C^*") 



:: tan -s : tan ( -~ — j . 



5 



But tan I = V^ (19) ; 

.'. tanx « tan — - — ; 

2 

-^ c 

•'• * " 2 ' 2 ' 

. IT A C 
and- = ^+^; 



IT ^ ^ "T 



.«. - + ar = -4> and - - « = C; 

.-. the angles are - + ar, - and ^"^^ 
an Arithmetic Progression whose common difference is (a?). 
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76. A, By C are in Arithmetic Proportion^ and AD which is 
perpendicular to BC divides it in D, so that BD : DC :: 1 : 3. 

Find the values of A, B and C. 

B = 60. (Prop. 75). 
Now BD : AD :: 1 : tan JB 
AD:DC::tmC:l; 



.-. BD : DC :: tan C : tan JB. (Eitolid, Book v. Prop. 23), 
or 1 : 3 :: tanC: J3 (19) and by hypothesis; 

.-. tan C = i^ = -^ = tan30 (20); 

.-. C = SO; 

.\ i4 ^ 180 - (JB + C) 

= 180-90 
^90. 
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77 ?f5i"5 = "° -<-««-<> 



and chd(i< + B) = V2 (16) 

— (15) 



cos- 

4« 



008 



m' 



and chd(il-B) = 28iii(— 5^ (25); 

• ^^^2 = 28in(li^.cos(^ 
• chd(i< + B) \ 2 / \ 2 / 

= sin^-sinB (40) 
^sinA-co&A (2). 



chd'2i<.sin2g _t^^ 
78. chd"2i^.dm2ii tmB' 

«_» J. . 25 = ir-2-4, and sin2JB = 8in2i< (3); 
^"2 

chd'2i<.8in2jB 4 8in'^ 
•'• chd'2J3.sin2il 48in"JB 

sin'i^ 
"" cos'i^ 
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sin^ 
COB A 

sin A 

taxiA 
cotA 

^tanA 
"tanB 



(26) 



(5). 



79. . ^ . = tani4-tan5. 



C082g-<^g^ ^ 2sm(^+g).8m(^-g) ^^^j^^^gg) 



sin2^ 



2 sin A. cos ^4 


sm"i4- 


-sin«JB 


(41) 


~ sin^^ , 


. COSi^ 


sin' A • 


-coi*i4 




sin A 


• COSil 




&nA 


008^ 





cos^ sin A 
^tanA-ctitA (26) 
= tanA-'tanB (5). 

80. sec»2i<-tan"2B=chd'il(l~iversi^ + chd»B(l-ivers5), 
8ec"2il-tan*2JB = 8ec"2il-tan"(ir-2i<) 

= 8ec"2^-tan*2i< (5) 
= 1 (23). 

did' A (1 - i vers il) = i chdM (2 - vers A) 

= vers il {2 - (1 - cosil)} (24) and (25) 

= (1 - COB i^). (1 + cos iQ 

= 1 - cos" -4 
= sin' A, 
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Similarly chd« jB (1 - i vers B) « sin" B ; 
.-. chd'A (1 - i vers A) + chd«5(l - i vers jB) = sin'ii + sin"5 

= sin'i^ + COS* A 
= 1 
= aec^2A^tan*2B, 

81. If cos A . cos JB . sin C*- — ^ ^, the triangle will be 

sec Ji H* sec z# 

figkt^ngled. 

„ . ^ 8in-4 + sinJ? 

Here sm C = 



sec A . cos i^ . cos B + sec JS . cos B • cos A 

onA -f aln£ 



COS^ + COSi^ 

= tan 



(23) 



(^ («) 



= cot- (5); 



2 

.•.^(l-coaC).^(l4.co8C) = ^[r^^ (SI); 
.'. l-cosCa=I, and cosC = 0; 

.:C^l (11). 

82. If cosec2£ = — , , . — , the triangle is either itotcelea 
or right'^ngled. 

Here^ 8 cos"^ -* 4 - chd 8^4 • cosec 2^^ 
or 4 (2 cos*^ - 1) = 2 8in4-4 . cosec 2 JS (25) ; 
.% 2 cos 2il = sin 4! A . cosec 2 JB (32) 

=: 2 sin 2i4 • cos 2if . cosec ^B (29); 

.-. siii2-4 = r^s=siii25 = sin(ir-2jB); 

and when sSn S ^ = sin 2 JS 
2i< = 2B and if=l?. 



or the triangle is isosceles. (£uclx9> Prop. 6. Book i.) 
And again, when ain d ^ » sin (ir •*- ^B) 



A=l-B; , 



i .J 



..A^B = l; 

.-. C^w-iA + E)^'^, 
or the triangle is right-angled, 

83. If l+cot(j-J5^ = — ^j-^, and 4,K = c^^ the triangle 
is both isosceles and right-angled. 

2 



Here, 1 - tan -4 = 



1 + cot 



ih-) 



= cotJ^-Hl (38) and (12) 
^"•"cotB-l 

2.(cotg-I) 
ZcatB 



= 1- ^ 



cot£ 
::=l-tan£; 

.% tan >l » tan d> and A^sB; 

.-. also a =: 6 (Euclid, Prop. 6. Book i.) or the triangle is isoiceks. 

Again, 

4=^=v V-2-/-V-2 — v\-i — vy-i — V (^> 






\JW:^i 
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.*. C is a right angle^ (Euclid^ Prop. 48. Book i.) or the triangle 
is righi^ngled. 



84. In every right-angled triai^le 

2ver8(^~g) _ fa - b\* 
vers 2 -4 



c-i^y 



2 vers (A-B) 2{1 - cos(A^E)} 
vers 2^ ~ l-cos2>l 



1 - (cos A . cos B + sin i^ . sin B) ,^^v , .^^^ 
1 - 2 sin >l . sin B 



sin'il 

1 5- . sin' C 

<r 

-5 . sin" C 
<r 

2ab 



c»-2ai 



(48) 



^ (Euclid^ Prc^. 47. Book i.) 



■(^y- 



85. In every right-angled triangle, 

2 cosec2 A. cot B = rk' 



2 cosec 2i4 . cot £ ^ (cot ^ + tan il) . cot J? (27) 

= (tan5 + cot5) . cot5 (5) and (6) 



RIGHT-ANGLED TBIANGLBS. 41 

= taii J5.cot-B + cot»B 
= l + cot»-B 

= 00860*5 









"sin* 5 










-'^li (12) 










= ^. (48)- 




86. 


In 


every 


right-angled triangle^ 
tan2>^~ 8ec2B=^ 


+ « 



tan 2^ - sec 25 ^ tan 2^ + sec 2 ^ (7) 

_ 1 -t-sing^l 
cos2>l 



(cosil + sin^y ,^ ^ , . , . . 

cos >l + sin y^ 
cos>l-sin^ 

sin 5 + sin >l 
sin 5- sin i^ 



6 a 

- + - 
c c 



a 



(48) and (12) 



6 + a 
b — a' 



87* In every right-angled triangle^ 

tan-— + tan-r- ,, . ... _. 
2 2 (6 + fl)c-(6'4-fl') 

ta„^_t«„|^(*-«)<^-(*'-«r 

2 2 
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tan*-=- 7 (SI) 

2 1 4- cos >l ^ ^ 



sm^A ' ' 

A 1 - coa A 

tan — = — -, — 3 — 
2 sin A 

1 - sin 5 
sin if 

_ sinC sin.g 
~ sinil wnA 



(12) 



Similarly tan f = ljf; 



tan— + tan-— + — r — 

2 2 a b 

A ^ B^'c-k c-a 

tan— -tan— j— 

2 2 a 



(6 4>a)c-(y4-fl0 

88. The cotangents of the semi-angles of a plane triangle are 
consecutive natural numbers. Required the nature of the triangle 
and the proportion of its sides. 

A B C 

Let cot — , cot — , cot — be respecthrely denoted by « + 1, «, 



jp-1. 



Now i4 + B + C=ir; ... -+-=|--; 

... cot(^ + D = tanf, 

(a?-H) (j>^l)^l 1 
"""^ (* + l) + (x-l) -J (^*>' 
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0?"— 2 1 
or-— — SS-, ordf'-aasS: .% «*=4 and «=* 2, 

where the negative sign must be rejected^ because in that case 
the cotangents of the semi-angles being negative, the semi-angles 
themselves must each be greater than a right angle> which is im- 
possible; 

C w 

.'. x = 2 and cot— ^ar-lslcrcotj (12) ; 

2 * 

C n- w 

.*. -^ =2 and C^-; .*. the triangle is right-angled. 
Again, 2 = cot — . cot — 

S 



S-a' 

.-. QS-%a = S, and S=^Za. 



Also S = cot — . cot ~ 






S 2a 



.-. 6a -36 = 2a; 

4 
.'. 4}a = 3b, and 6 s-a. 



But d'^a^+b^ (Euclid, Prop. 47. Book i.) =a«+^a*=?^a*; 

5 
3 ' 

and a = — a : 
5 ' 

.-. a, b, c are as S, 4> 5, 

and the triangle is a right-angled one whose sides are as the 
numbers S, 4, 5. 
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89. tan B + tan A ^2 cosec 



J^' 



8co8(— i— j 
«5-tan'^=- V J / , 



and tan' 

required the nature of the triangle and the proportion of its angles. 

tsn^B-tan'A 



tan B - tan A - 



tanB + tan>l 



fA+B\ . fA + B\ 
8.co8(~^— j.8m(— -j 

^ /^^fK (2S)and(32) 



= 2 cot 



4sm 



m 



= 2tan^ (5) 

Q 

and tan-B + tani4 = 2sec- (7); 



.-. tan-D = sec- +tan — ^ 
tan>f = sec— -tan —; 

••. tan^.tanB = 8ec«^-tan«^=l (23) =tan5.cotJI? (23); 
.% tan^ = cot J5 = tanf^~Bj; 
... ^ = |-5, and.l + 5 = ^; 
... C=ir-(^ + B) = ^ and the triangle is right-angled, 
and tan>l=sec^-tanj = ^2-l (l6) and (12) 
tanJ5 = sec- + tan- = ^2 + l; 
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.-. >l = 22\ SO' (15) =1 (22\ 3O0 

5=67^30' (15) =3(22^.30') 

C=90 =4(22^S(/). 

Therefore the triangle is a right-angled one, having its angles as 
the numbers 1, 3, 4. 

90. The area of a triangle whose sides are 2 it' +2, 2n' and 
2ft'— 2 is four times that of the triangle whose sides are 2n-t-l^ 
2 It and 2it— 1, find all the values of {n), and solve the greater 
triangle when it -^2. 

The area of a A (whose sides are 2it*+ 2, 2»", 2»"-2) 

= 7s»".(»'~2)»*.(it«+2) (49) 
2n + l, 2'ii, 2n-l 

= JSn . (it-l)n •(« + !); 

-•. ^3»".(»"--2)»".(it'+2) = 4 . Vs».(»-1) «.(«+!), 

or n«-4it«=l6n»-l6; 

.% it«- 16»»- (4ji'- 16) = ; 

/. (it*-4)(it* + 4«")-4.(n"-4) = 0, 

or (it*+ 4it*- 4) (it* -4) = ; .-. w* + 4ii*- 4 = 0, and «■- 4 = 0. 

Taking the biquadratic factor n^+ 4n'- 4 = 0, we have 

it*+4it*=4; .'. n*+4it" + 4 = 8; 
.-. n" + 2=*2^2; 

A it*=-2*2^2; «=*7(-2*2^2). 
Again, n'-4 = 0; .-. it*=:4^; .-. ii=*2. 

And when it = *2, the fides of the greater triangle are 10, 
8 and 6. 

Let C, B, A be the angles respectively opposite these sides. 

rp. r> 64 + 36-100 ^ , ^ 

Then cos C = — ^^ g = (50) ; 

.-. C = 90 (11); .-. .1 + 5 = 90. 
.,. .sin^sin^lS,. 4 
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and Iogtani4=sl0 + logio4-logi«3 to tabular radius 

=5 10 + .60206 - .47712 

« 10 . 12494 :^ logtan 55*. 7'. 54'' (by the tobies) ; 
.% i<«5a". 7'. 54", 
and J5 ^ S6«. 52'. 6", 
C:r90. 

91. IZilZgsc, and R^^a — b. Solve the triangle. 
Let a, b be denoted by x-k-y, x. 

Then c will •y(2j?" + 2j?^ + /); 

and .% /?g = «+y-a:=^, and i?ii?, = ^(2a?" + 2jr^+^. 
But 2B, = ^(2a?" + 2a?^+y) (46) =i2ii2,; 

.'. 2 = Bg=^. 

Again 2i2a = (x+^) + «-^(2a?" + 2a?^+y). (Bland's Deduc* 
Ihnsy Section vii. Prop- S.) 

or 4 = 2a? + 2-^(2«* + 4a? + 4); 
••• V(2«" + 4« + 4)«2a?-2; 

.'. 2j?" + 4« + 4 = 4a?*-8d?-f 4; 
.'. 2a?*=12«, and « = 6; 
.*. the sides are 10^ 8 and 6, 
and the angles 9QP; 53* . 7'. 54"; S6K 52'. 6". (Prop. 90.) 

92. The difference between the first and second^ and also 
between the second and third sides of a right-angled triangle is 
a given square number (n^. Find the sides. 

Let X + ft' be the hypothenuse^ x, and x ~ n' the sides. 

Then {x + »*)■ = 4?" + (a: - »*)'. (Euclid^ Prop. 47. Book i.) ; 

,\ a^ = (x + n'y - (a: - »*)* = 4»"x ; 

.'. x = 4n'; 

.*. the sides of the triangle are 5n', ^n', and 3n'. 

Cor. If as a particular case of this Problem, we have ^S-K, 
then n^^2. 
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For 5»i' + 4«'+S«' = 2«=f =i^y5!.8inC (49), 

or 12»" = 3«* (12); 
.'. »' = 4, and n = * 2. 

93. Find right-angled triangles such that the difference be- 
tween the hypothenuse and the least side may be a square 
number. 

Let « + 2y, X, x^Z^ be the sides. 
Then a? + 2^* ~ (« - 2^") = 4^ a square number. 
Also {x + 2^*)" =8 4:* + (a? - 2^)'. (Euclid, Prop. 47- Book i.) 
.-. a?» = (af + 2^")*-(^-2y)" = 8«y; 

and the sides are 10^, 8^, 6^', where ^ may be assumed at 
pleasure. 

Let ^ - !• Then sides are 10, 8, 6. 

^ = 2 40,32,24. 

^ = 3 90, 72, 54. 

&c. = &c. 



CHAPTER IV. 



OBLIQUE-ANGLED TRIANGLES. 



(Cot^ + cotC). (cotB + cotC) , 



\ 



(cot A -f cot C) . (cot g -f cot C) 
co8ec*C 

cot ^ . cot-B + cot i< . cot C + cot J5 . cot C + cot"C 



cosec'C 



l_+coeC . . 
" cosec»C ^*^^ 

cosec'C .V 
= 1. 






"^i—j-; — v~^ 7 1 ^c 

95. rmsv TTTTK" = 5 • cos* - . 



Now cos*0-8in*a = cos2d (30), 
and cot"^-tan"^ = (cot^ + tanO),(cot0-tan^) 

= 2cosec20.2cot2^ (27) 

4cos2^ 
" sin»20 ' 

co8"0-sin»a 1 . oofl 

/. 5-S ?n = T • Sm 2(7, 

cot»a-tan*a 4 
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and by substitution 



= 4 -cos'- (1). 



rt« sin2J + sin2^ + sm2C , , . , , „ , , ^ 

9o. ; — 5 ; — = ; — —— = end A . end B . end C, 

sin A -\- sinB ■\- sin C 

sin2y^ + sinSJ^ + sin^C 
= 2 sin ( J + fi) . eos (^ - J5) + 2 sinC . eos C (40) and (29) 
= 2 sin C . {eos {A - B) - cos {A + B)] (3) and (4) 
= 2 sin C (2 sin A . sin B) (42) 
= 4 sin J . sin J3 . sin C. 

Again^ sin J + sin J^ + sin C 
= 2 sin ( — - — j . eos ( — - — j + 2 sin — . eos — (40) and (29) 

= 2eo»||eos(^i^ + eos(^^^} (1) 

CAB ,,^. 
= 4 eos — . eos — . eos ~ (42) ; 

Z /Z ss 

sin 2^ + sin 2 £ + sin 2 C 
sin y4 + sin jB + sin C 

_ sin ^ . sin ^ . sin C 

!3 J9 C 

eos — . eos - . eos — 

2 2 2 

^ , A A ^ . B B ^ , C C 

2 sm rr . eos -- . 2 sm •— . eos — . 2 sm ~- . eos -- 

2 2 2 2 2 2 ,^^. 

= 1 IS & ^29> 

COS -- . COS - - . COS — 

2 2 2 

^ : A ^ . B ^ . C 

= 2 sm — . 2 Sin -- . 2 sm — 
2 2 2 

= chdA . chd jB . ehd C (25). 
4 
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97. 3 =5 — - — 7,— = 4 C08 4 - cos /> . cos C, 

' tan i< + tan J5 + tan C 



sin 2 ^ -t- sin 2 B -t- sin 2 C 
tan i4 + tan i? + tan C^ 

^4i.in^.sing.8inC (47) ,„d (p^^ gg) 
ton^ . tanB .tanC^' ^ r^' 

I t 

= 4 cos i4 . cos B . cos C (26). 



98. From the expression for the area of a triangle in terms 
of the sides deduce the following. 

_^A -B C A ^B ^C 

2 ■*" ¥ "*" 2 = <»* 2 • c<rt 2 • cot -. 

Since K'^ S .(S - a)(S -b){S --e) 

= (5'-a)(5-6)(5'-c).(35'-25) 

= («-.a)(S-6)(A9-c).{(5'-fl) + (5'-*) + (5'-^c)} 

«(5'-a)«.(5'-6)(5'-c) + (fi'~6)«.(5-a)(5-c) 

^{S-c)\(S-a).(S--b); 

K^ i 

I 1 

K' K 



•; {s-'ay.{s^by.(s-cy~{S--b).(s-c) 

K K 

^{S'-a).{S-c)'"{S^a),{S-'by 

but A = -— . sm yi = -— . sm B = -— . sm C (4^), 
and (S - a) (S --b) :=ab, sin«^ , 
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SI 



(S-a)(S-c) = ac . sin" - (51), 
(S - b)(S - c) =^ be .Bin' ^. 

Hence we obtain, by the substitution of these values, 

sin^l sin^ sin C sin^^ sin^ sin C 

2 sm' — 2 sin' — 2 sin* — 2 sin' -- 2 sm* -— 2 sin" — 
2 2 2 2 2 2 



J 1? C ^ fi C 

cos — COS -- COS ~ cos ~ COS — COS — 

2 2 2 2 2 2 '. 

-f — 5? + — ^ = — -» . — ^ 7T (29) ; 



A B 

sin -- sin -- sin — sin — sm — sin — 
2 2 2 2 2 2 



or cot 2 + cot ~ + cot ~ f= cot - . cot ~ - cot -^ (26) 



99. From the Formula 

ABC 

sin -4 + sin J5 + sin C = 4 cos — . cos --- . cos -- , 

2 2 2 

deduce the expression for the area of a triangle in terms of the 
sides. 

Since sin A = -j— , sin B = — , sin C = — , (49) ; 

oc ac ab 



and cos 



A _ Is. 

2"V ~ 



(S^a) 



cos 



B /S~. 



{S-b) 



ac 



2K 2K 2 



. . -i — T -r 

OC ac 
by substitution ; 



2X /J 5^(lS'-g)...(^-6).,.(^-c )^ 

ab "*• V I ?5V (' 



or 



^(^%4^i) = l^->/*-(^-«)(*-*H*-)' 



,o 
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.-. K(a -^ b + c) = 2S . JS . (S -a) . {S--b),{S - c). 

But 2S = a -^ b + c; 
.-. K == ^S . {S ^ a) . (S -b) . {S -c). 



100. 



cot ^ + cot B + cot C - 2 (cot 2A + co t 2^ + cot 2 C) 

^^ 7^ ^^ " 

cot - -f cot -r + cot — 

2 2 2 

^ (sec A-\). (secB - 1) • (sec C - 1), 
cot ^ + cot jB -f- cot C - 2 (cot 2^ + c ot2Jg + cot2C) 

A — 75 y^ 

cot- + cot^ + cot- 

(cot iJ -2 cot 2^) -f (cot g- 2 cot2g) + (cot C- 2cot2C) 

1 B C 

cot- + cot^+cot- 

tan^ + tang-ftanC (g?) and (Prop. 98.) 

A ^B ^ C 
cot ^. cot ~. cot g- 

tan J . tan JB . tan C . v 

— A B C (^^> 

cot-, cot-, cot- 

sin A sin B sin C 



cos A ' cos B ' cos C 

—1 B 5 

cos- COS-g- COS I 



sin I sin - sin - 

2- J TT^ (29) 

cos A . cos /> . cos C 



_ (1 - cos A).(l- cos B) . (1 - cos C) ^,^2j 
~ cos A • cos B . cos C 

= (sec^ l).(secl?-l).(8ecC-l) (23). 
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ABC 



S' cot^ + cot- + cot- 

^"^- ^6^= 1 S JJ' 

sec — . sec -- . sec — 

2 2 2 

0+6+C ^ h c 

= 1 +- +- 

a a a 



sin A sm B sinC , ^ 

-1 + -. + -: 7 (48) 

Sin A sin A sm J ^ ' 

sin J -f- sin JS -f sin C 

sin J 

A ^ 5 C 

4 cos — . cos — . COS — 

^ -^ (29) and (Prop. 96) 

2 sin — . cos — 
2 2 

2 cos - . cos - 

T^ 

sm — 



^ i i: . « 2 cos ■- . COS — 
Similarly — 7 = ■ ft > 

sin — 

2 

. , 2 cos -- . cos — 
and^^±i±f = ^^_1. 

sin-- 
2 

s*'* 2 • ®*" 2" • ®*" 2" 

^, cot -.cot -.cot- 

"^"^-:3 B r (23) and (26) 

sec — . sec — . sec — 
2 2 2 

,A B C 

cot-+cot-+cot^ 

" — 3 — i — r (P'<>p-98.) 

sec-, sec -g .sec- 
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ABC S^ 
102. cot - + cot - + cot - * -jsr , 

2 2 2 A 

J "R f* ji 7i C 

cot- + cot^ + cot- *=cot- • cot — . cot (Prop. 98.) 

/ S.jS^a) / 5.(5-6) 7 5.(5-c) 

S^ 

-^{S.(S-a).(S-6).(A'-c)} 

OS 

COS B — cos A a — b 



103. 



1 + cos C c 

„ . 2 8in( — — j.sinf — - — ) 
cosB-^cos^ \ Z J V 2 / (32) and (40) 






2 sin 






2 sin 



2 sin 



if^ C^^) -^ (*«> 

sin y| — sin 5 



sin C 
a — b 



(3) 



(48). 
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104. 7= — = tan6,9in6, where fecfl = -f, 

cosec C o 

— = ( . n — » — 7 ) . 8in C (28) and (20) 

cosec C \8mi5 sin A/ ^ ' ^ ' 

„ sin C - sin C 

= cos 1> . -; — n — COS A . -; % 

sm^ sin if 

^g^^c^-y c yn-c'-g' c (^gj ^^j (5^) 
2ac ft 26c a ^ ^ "^ ' 



fl" + C«- 


.i«_6«_c» + a' 




2a6 


a*-6' 




a6 




a 6 




*~o 





= sec ^ ^ (by hypothesis) 

sec V 

sec'a-l 
"" sec^ 

tan'^ 
"" sec^ 

* n tana 

= tana. s 

sec^ 

= tan 6 . sin a (25). 



105. If chdCs=-9 the triangle is isosceles • 



Since chdC = -; 

a 



^ . C c 

.\ 2 sm — = - 
2 a 



^ (48) 

Sin -4 ^ ' 

^ . C C 

2 sin t; . cos -- 
2 2 

sin if 



(29); 
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,', sinA = cos — 

2 






.-. 2J = i< + J?; 
•*. a =s6; (Euci«iD, Prop. 6> Book i.) and iho Uiangle is isosceles. 



106. If cosec B + cot B = .^ »_^ %» ^^ triangle is isosceles. 



cosec 



B + cotP = cot— (28), and -7====./- ; 

2tf-vc «j5 l + cosB ,«,v 
.-. = cot*—=- B (31); 

.% 2a + c - (2a + c) . co8-B= 2a - c + (2a - c) . cosB; 
.% 2a4-c-(2a-c) = {(2a+c) + (2a-tf)}.cos5, 

or 2€r = 4a . cos £ = 4a . ■ ■ ■ (50) : 

2ac ^ ^' 

.*. (^ — a^ + (^—h*; .; a' = b*, and a = 6, or the triangle is isosceles. 



107. li 7 = c*, and sin ^ . sm J^ » sin^C. the triaiigle 

a -h o + c 

is equilateraL 

a + o 

c* sin'C 

Also — T = -! — ^ — . — ^ (48) 
ao sin if. sm J? ^ -^ 

= 1, by hypothesis; 
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.'. ah = c^ =^a^ — ah A-h^ ; 

.-. a --6 = 
/. a = b 

and c = a = 6 ; 
.*. the triangle is equilateral. 

108. Given sec 2B -^ tm^A =^taxi f^ + A\ , 

C08 2C-- cos 2^ 



and 1 — cos 2 C 



(2cosC+l).(2cosC-l)' 

Required the nature of the triangle and the proportion of its 
angles. 

Since 1 - cos 2 C = 



COS2C- cos 2^ 



.'. 4 cos' C — 1 = 



(2 cosC+ 1) . (2 cosC - 1) ' 
cos2C— cos 2^ 



cos 2 C 



l-2sin'C-(l-2sinM) 
~ 2 sin* C 



(32) 





• 




= 


sinM - 


* 9 

Sin' 


C 




sin" 


C 










= 


sin'y^ 
8in«C 


1; 




.-. 4 


cos" 


c 


— - 


sin*^ 







and sinil =; 2 sinC . cos C = sin 2 C ; 
,-. A =2C 



Again sec25 = tan (^^^)-~tan2^ 



1 + tan A 2 tan i^ 
-r^T^-r^ (12), (33) and (38) 

- 1 '*• tan* if 
"" 1 - tan^A 

= sec 2 A (23) and (30) ; 
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.-. 2B = 2A, and B^A^^C; 

consequently the triangle is an isosceles triangle (Euclid, Book iv. 
Prop. 10.) having each of the angles at the Jmse double that at 
the vertex. 



109 



Given 4tS = tan* f — - — \ ; a-b = l and 6 = c* ; 

find the sides. 

2(a4.6 + c)=45=tan»(:^^^~^=:Cof~ (5) 

~(a + c-6)(6 + c-fl) ^ ^' 

•*• ^~{c + (a-6)}{c-(a-6)}~c«-(a-6)«~ c'-l ' 

by hypothesis; 

.-. 2c"-2 = 2c'4.1-c; 

6 = 9, 
a = 10. 

110. The sides of certain triangles consist of two digits each. 
The third side is the first with inverted digits, and the second is 
10 times the right hand digit of the first. Also 

A 



cos - 
2 



.,2.«J„(£_^. 



where A, B, C are the angles opposite the first, second, and third 
sides respectively. Find the sides of all the triangles which answer 
the conditions of the question. 

Let X be the left and ^ the right hand digit of the first side. 
Then 10^;+^, 10^, lO^ + jr will be the sides. 



sm 
Now -- = 



m 



12 A 

cos- 

2 
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2 sin ( — - — I . cos ( — - — ) 

— V j ) <'> 

2 sin -- . cos rr 

2 2 

.•. 10*+^= 12x; 

therefore the sides are 12a!, 20x, 21 x where^ in order that the 
sides may consist of two digits each^ (x) must be taken < 5. 

Let j;=l. Then sides are 12> 20^ 21^ 

x = S 86, 6a, 6s, 

x = 4. 48, 80, 84, 

the sides of all the triangles which answer the conditions of the 
question. 

111. The first, third, sum of the first and second, and dif- 
ference of the third and second sides of a plane triangle are all 
integral and square numbers. Find them^ and shew that 

■ ; ; . =,^ r— 7-3 7^ =<2C0t— .COt( \\ , 

8in(^ + J5)-sm(^+C) I 2 \ 2 J] * 

where A^ B, C are the angles opposite the firs^ second and third 
sides respectively. 

Let jf*^ Sj^ and (2jp- 1)' be the sides. 

Then x', (2j:— 1)' and 3^ -^Ss^^^ta^ are square numbers. 

But (2j:— !)■" 3j?' must also be a square number. 

Let /. (2 jr ~ 1 )" - sy = (or - ^)'. 

Then «" - 4a: + 1 = or' - 2a?y +y ; 
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• «• — *^ 

where (j/) may be any number greater than 2 that renders (x) 
an integer^ which is the case both with 3 and 5. 

Let .*. ^-3 or 5, then j: = 4; 
and .-. the sides are l6, 48 and 49. 

. sin(B-hC) sin A .. 

^^*''' 8in(J + 5)-sin(^ + C)"8inC-sinB ^' ^ 

16 



49-48 
16. 



(48) 



Also cot 



f.cot(^)=— y^ (6) and (.3) 



6* 
32 



= 2; 

« .C JB-A\ ' 
: 2 cot — . cot ( — - — j = 4; 



.. I^cotg.cot^^ 2 y(^*^sin(^ + ^~8in(^ + co- 



ils. A perpendicular (p) is drawn from the vertical angle (A} 
of an equilateral triangle ABC whose side is (a) and arefa {K). 
On this perpendicular a second equilateral triangle is described^ 
and on the perpendicular of this a third and so on ad infinitum. 
Shew the sum of all these triangles to be three times the area 
of the given triangle. 



I' 
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Let Kiy Ka, Ki, K^ be the areas of the triangles on 

the successive perpendiculars. 




Now A ^B + C =180. But A = B=C, (Prop. 5, Cor. Euclid, 
Book I.) 

.'. 3A = 180; .-. A^60 = B=C; 

and so of all the angles of the other equilateral triangles; 

.-. K : K^ :: -; sin 60 : ^. sin 60 (49) 

:: 1 : sin'60 
:: 1 : I (17); 

Similarly K,=:^K, = {^y K, 

j&c. = &c. 
.-. K,^K,+ K,+ ={f + (f)' + (f)^+ }K 



= \~j\ ^ (Hind's Algebra, 270.) 



^3K, 



113. If P be a point within the triangle ABC such that 

9 JL9 

^1-^ — = tf , + 6, + c, , and a' == b^* + b^Ci + c,*, AP, BP, CP hems 

respectively denoted by a^, 6,, c,, then the sides of the triangle 
will subtend equal angles at P. 
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Let the angles subtended by AB, BC, AC be 0, (f>, >/^. 




Then 6/ — «»* + ftj Ci - Aj Cj = a* - 6*, 



and 6i*+ Ci^ + b^c^ 



=^'; 



.'. a,* + c/ + flj Cj = 6' = flj* -f Ci' - 2 fljCi . cos x//^ (50) ; 

.-. flj Ci = — 2fliC, . cos >|/^ ; 
.-. cos\;/' = -^ = -cos60 (14) =cosl20 (4); 
.-. \^ = 120. 
Again 6i* + c,* + iiCj = a* = Aj" -♦- Ci' — QbiC^ • coe^ ; 

.-. 6jCj = — 2^|Ci . cos ; 
.-. cos = - ^, and (p = 120. 
But ^ + ^ + >^ = 360. (Prop. 15, Cor. 2, Euclid, Book i.) 
.-. = 360 - (<^ + >^) = 360 - 240= 120; 
,'. = = ^. 



CHAPTER V. 



EQUATIONS. 

1 14. {chd* (e + j:) - chd« (B - x)} cosec d^^JS. Find (x). 
2^3 . sin a = chd«{^ + ;p) - chd' (^ - J?) 

= 2 vers (^ + jr) - 2 vers {B- x); 
.'. ^3 . sin 6 = vers (^ + jr) - vers {6 - or) 
= cos (0- x)- cos (^ + J?) 
= 2sin^ . sin:r (42); 

.•. sin 4? = ^ s=i. sin 60® : .•. jf = 60^ 
2 

Cor. The student will immediately perceive that (4:) equals 

Js 

all the other arcs whose sines are ^. 

2 



1 1 c vers X sm a; r- j / v 

115. j^ ^ = — r—7^ r . Find (a?). 

m vers (v — xj n sm {0- x) ' 

m vers (6 - x) _ n vers jr _ 
sin (d — J?) sin jp ' 

m{l - cos(^-- j:)} _ » . (1 - cos x) 
sm (^ - x) sin x ' 

2m . sin* I — r— I 2« . sin*- 



■ ^- (¥) 

2 sm ( — -— ) . cos I —— - ) 2 sm - . cos - 
\2/ \2/ 2 2 

.-. m . ten \^-2-j = « . ten - ; 

.'. »i : « :: tan - : ten I J ; 
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.'. m + n : m- 



116. 



117. 



n :: tan - + tan . ^ 
2 \ 2 



(^)-i-»(^) 



2 / .-^ 

Hind's Algebra (241) 



:: sin- :8inrr--j; 

. / e\ m-n . Q 

.-. 8in I j: - - ) = sm - ; 

^ \ 2/ m + n 2 

a . Jm-n . d\ 

•*• * — ;r = sm"* I . sm - ) , 

2 \m + n 2/ 

- , . (m — » . ^ 

and or = - + sm"* ( . sm - I „ 

2 \wi -f n 2/ 

^3 . sin j: = ^3 - cos x. Find (ar). 

« 

(1 — sin x) JS = cos X ; 
/. 3 - 6 sin j: 4- 3 sin' x - cos" x = 1 - sin' x ; 
.•. 4 sin' J? ~ 6 sin X == ~ 2 ; 



.:«« 



3 . 



1 



,\ sm j?-~.smx = — -; 



. 3 . 91 

.-. sin-x--.8mx+^=Yg; 



.:«« 



3 I 

.'. sm j: - -7 = * - ; 

4 4? 



•. smjr= — - — =1 and -r\ 
4f 2 



... ar = 90 and 30. 

^10 + 2^5.(^5-1) 
1^ 



^/J + ^ Vi + Wi + i cos x X \/|T|yr7^^ + ^ cos X. Find (x). 

J(10 + 2J5).(6 -2J5) _ ^ /l~T?l . 1 /l+cosx \ 
16 V 4-4V2'^2V 2 r 
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or 



^^^=N/l-U-l-i) ^-)^ 






= 8.n-. 



or sin 36 = ain -- (22) ; 

4 



.-. 1 = 36, 
and ar = 144. 



118. ^•-iS'~2 = 0, where 

S = ^8ec*j? + V sec"j: + Vsec'j? + ^sec*j? + Find (a?). 

-S"-iS = 2; .-. ^•-« + -l=?; 

4 4 

... 5-- = ±-; .-. 5' = -^ = 2 and -1. 

First, let S = 2, or ^ sec*ar + v sec* a? + v sec* j? + JTTTTT. = 2 ; 

.-. sec* a: + sec* j: + v sec*^ + v sec* or + JTTT. . . = 4 ; 

.*. sec*ar + -S' = 4; .-. sec*« = 4- 5' = 4-2 =2; 

• ■ sec M* — - iv 
Next, let -S = - 1 ; 

.-. ^sec*jr + V 8ec*ar + \/sec*a? + JTTTTT, = - 1 ; 

.•. sec*j: 4- 5 = 1 ; 
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.-. sec"a? =l-5'=l + l=2; 
/. 8ecx = ^j2, as before; 
.*. the values of x are 45 and 135 (16). 

119. secx. tand7 = cosecjr'. cotjr. 

„ sin X cos X 
JUere — =— = . , , 
cos or sivrx 

and 8in"jr = cos'dr; 

/. co8*ar — sin' jf = 0, 

or (cos* J? + cos ar . sin jr 4- sin* a:) . (cos x — sin x) = 0. 

By the solution of the quadratic factor 1 + cos x . sin x = 0> we 
obtain two imaginary roots. 

But from the simple factor cos x-frnx-O, we have 



cos 



jf = sin Jp = cos( -- ar j; 



•*• * = 2 "" ^^ 



and « = 45. 



120. cotx.tan2«-tana;.cot2a: = 2. Find the values of (x). 
Let tan 2 jr. cot d7=^; then tanor. cot2a? = - (S^); 

••• ^-« = ^^ andy'-2j^ = l; 
.-. y-2j^ + l=2; 

.••^ = 1*n/2. 
And since tan 2 a; . cot or = 1 + J2, 

.-. 2 = 1 + ^2 - (1 + ^2) . tan'jf ; 
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.-. (1 + J%) . tan'jc = ^2 - 1 ; 
•••ta^"^ = ^^ = (N/2-2)-; 

.-. tenj:=:*(^2-l). 

Also, since tangjr. cotar = l -^2, by proceeding in the same 
manner we obtain 

tanar = ±(^2 + l); 

.-. the 4 values of x are 22^3(y; 157^30'; 67^3(y; 112®. 30' 
(15) and (5). 

121 . cot («• - 3 jr) = tan (ar - -jr). Find values of (x). 

Here - cot3a: = -tan(7^-a?); 
.^ cot Sar = tan (tt-j:). 
Let tan or =^. 
Then ||^ = -,y (35), (23) and (5) ; 

.-. 3^-1=3/-/; 
.-. y-l=x:0, 

«'•(/+ !)•(/- = 0. 
Taking the quadratic factor ^ + 1 =0, we obtain two imafrinary roots. 

But ; ^'~ 1 = 0, we obtain ^ = ± l ; 

,•. x = 45 and 135 (12). 

122. cot* (w - x) = , of^a^ • Find the values of (x). 

'1 -3tan"ir ^ ^ 

Let tanj:=^. 
'"**"~/°T^ (6) and (23); 

and/+l-3^.(y+l) = 0, 

5—2 



C08X. 
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Taking the quadratic factor / - 4j^ + 1 = 0, we obtain 

.'. y-4^ 4-4 = 3; 
... f^^2=^j3 and ^ = 2±^S, 
and x = 75 and 15 (21). 
From the factor ^ + 1=0, we have 

^ = -1 and X- 135. 

123. 2 sin" (- - ^) = chd* x - vers" x. Find values of 

Here 1 - cos («■ - 2a:) = 2 verso? - vers" x = vers j? (2 - vers x), 
or 1 + cos3a; = (1 - cosx) (1 + cos j?) = 1 - cos" x. 

Let cos or =^. 

Then 1 + 4/- 3y = 1 -/ (34) ; 

... (4y + j^-3)j^ = 0; 

.•. 4y + ^-3 = and ^ = 0; 

.-. 4^+^ = 3; 

.-. 64/4-16^^ + 1 = 49; 

.-. 8^4-1 =±7; 

.-. 8^=-l±7 = 6 and - 8; 

... ^ = f and — 1, 

so that the 3 values of cos j: are 0, f and - 1. 

cot- 

124. -TT— = J5. Find cosar. 

chd X ^ 

Here . /(l±S^ . _-i = J5 (25) and (31). 

"^'^'^ V \1 - cosar/ ^(2 - 2 cos x) "^ "^ ^ ^ ^ 

Let cos X = ^. 
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Then ^= 10, 

and 1 +y = 10-20^ + loy; 

«_£i 441 81 
^ 10*^ "^^ 400 ~ 400 ' 

21^*9. 
'*' -^20 20 ' 

•*• y = ^^ = 1 ;; and t • 
•^ 20 2 5 

But the cosine of an angle is never greater than the radius; 

.'. cos x — -, 
5 



Trt- cotJ?- sec or 1 w J ^ 

12o. 7 = -^ . Find tan x. 

cot J? 16 

Here 1 — sec x . tan x = —^ : 

Id 

15 
.'. sec a? . tanj; = -^. 

Id 

225 
or (1 + tan' J?) . tan'a? = --tt. 
^ ^ 256 

Let tanj?=^. 
Then/.y=g, 

J 4 . 1 289 
andy + y + - = g3g; 

1 -=17 

, -8±17 9 J -25 
•••^=—16 ^IB""'*T6 • 

Rejecting therefore the negative value as giving two imaginary 
roots we have ^ = ± | or tan j: = ± |. 
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126. 2 4- z~^ = ^(co8ec'6 + sec'O). Find values of z. 
co8ec"a+sec"a = cot'^ + l + tan"^ + l = cot"a + 2cot6.tana + tan"a (23); 

.-. 2 + - = ^(co8ec'6 + sec^0) = cot6 + tan6 = tan6+— -3; 

^ 1 1 2- tan 6 
.-. z-tan6 = - — 5-- = — 7 — 3-; 
tan 6 z z . tan d 

.-. ztan6(z-tan0) = z-tan6; 

.-. (ztan6-l).(z-tan6) = 0; 

.-. 2 tan 6—1=0, and z = cot 6. 

Also z- tan 6 = 0, and z = tan6. 

127. '^ a ^ + 771 — -ir = sec 6 . cosec 6. Find the values 

2 - JT j: . ^(4 - jr) 

of (a?). 

Let — ^^ o ^ = ar. Then j^ — ^ = -, 

2-a^ x.^(4-ar*) s 

and 2 + - = sec 6 . cosec 

z 

2 



2 sin 6 . cos 
2 



"" sin 2 6 
= 2 cosec 2 6 
= cot6 + tan6 (27); 
.-. the values of (z) are cot and tan 6. (Prop. 126). 

Let —|^-^ = cot 6. 

Then 4a?'-jj* = 4cot*6-(4jr»-jr*).cot*6; 
.-. 4 cot'a = (1 + cot'a) .(4>x'-x*) = cosec*6 . (4 j: - j:*) ; 

.-. 4ar» - a;* = _4coe0 ^ ^ ^^^.^ 

cosec 6 ^ '' 

/. a:*— 4«" = - 4cos*6; 
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.-. a?*-4jj" + 4 = 4(l-co8»0) = 4sin»e; 
... j.« = 2±28ina = 2(l±sine); 

Similarly when '"i^ ^ — ^ = tan^, it may be shewn that 

0? = sfc ^2 . /^ 1 ± cos 6. 

128. Tan3a = sin6^. Find values of 6. 

Let se^fp. 

Then tan0 = sin20=:j|^^ (29); 

.*. tan^ + tan°^ = 2tan^; 
.•. (tan'0-l).tan^ = O; 
.•. tan^=cO^ and tan'^-l = 0; 
.•. the 3 values of tan^ are 0, 1 and - 1. 
Case 1. Let tan = 0; /. tan 36 = 0. 

LfCt tan6 = x. 

Then^^=0 {S5); .-, x^-Sx^O; .-. (j:«-S).x = 0; 

.•. a^-S=^0, and x = 0; 

.-. 3 values of tan 6 are 0, JS and - JS, 

and the corresponding values of d are 0, 60 and 120 (19). 

Case 2. Again, let tan ^ = 1 ; 

.-. 3i^-Sx = Sa^-l; 
.-. {a^+iy-3x.{x+\) = 0; 
.-. {(a?»-ar+l)-Sar}.(jr+l) = 0, 
or (a?*-4j: + l).(a! + l) = 0; 

from the solution of which factors we obtain 3 other values of 
tan 6; -1, 2 + ^3 and 2 -^3; and corresponding values of are 
135, 75 and 15 (21). 
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ft 

Casb 3. AlaOj let tan ^ ;= - i ; 

/. (j?*- l) + 3jr.(jr-l) = 0, 

or {(a?* + j: + l) + 3jr}.(jf-l) = 0; 

.-. (x' + ^x+l).{x-l) = 0; 

from the solution of which factors we get the 3 remaining values 
of tan 6; 1, J 3 — 2, —2 — j3; and the 3 corresponding values 
of 6 are 45, l65, 105; 

.*. 6 has 9 values, and these are 

0, 15, 45, 60, 75, 105, 120, 135, l65. 

129. = i- Find values of sin 6. 



(i-«) 



sec 

\3 / 

sin d 



i = n • COS ( ^ - V ) 

^ cos^ \3 J 

sin 6 IT ^ ' "^ ' Q\ ^ ' a J^ 8^"* ^ 

= ^ (cos - . COS ^ + sin - . sm 6) = i sin ^ + ^ . jr : 

cosO^ 3 3^*2 cos^' 

' n J^ ' sin* 6 
^(l-sin*a) 

Let sin ^ ad?. 
Then J(l-a!^ = x . J(l-a^ + J3.a!' ; 

.-. Sjr*=(l-2jr + jr»)(l-J?") 

= (1 +:p') . (1 - jr^-2 j: (1 - x^ = 1 - j:*- 2j? + 20:* ; 

.-. 4ar*-2jr'+2x -1^0, 

« 

or Zx'^Sx- 1) + (2a; - 1) = 0, 

or (2«'+l)(2x-l) = 0; 

.-. (a:'+i)(*-i) = 0, 

or Cx'+t^(i)n(x-i) = 0, 

or I *' - Uii) X + (7i)' I (.t + Vi) (x - i) = 0. 
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From the solution of the quadratic factor we obtain two imO' 
ginary roots^ but from the two simple factors we have 

J? = — ^(^) and « = i the required values of sin 0, 

130. cosec (75 -6)- cosec 270 = cosec (75 + ^) + cosec 60. Find 
sin $. 

112 

^^^^ • /^^ — 5n - - f^^ — m = -7^ - 1 (12) and (18) : 
sm(75-6) sm(75 + 0) ^3 ^ ' ^ '' 

sin (75 -f ^) - sin (75 - ^) ^ 2 - ^3 
•'• sin (75 + 0) . sin (75 - Q) ~ ^3 ' 

2co875.sin0 2-^3 .^^. j /.^x 

••• ' 8^1 ^8-fl = — r^ (4-1) and (42) ; 

sm' 75 - sm* % Js ^ ^ ^ ^ 

.'. — 7~- . sin' 75 r^ . sin' 6 = 2 cos 75 . sin 6 ; 

.-. "1^ sin' 6 + 2 cos 75 . sin 6 = "".^ . sin* 75 ; 



.'. sin* 






■ oa J^ • a . ^ 2 + ^3^ 3 



^3-1" 2.(4-2^3) 4 4.(2-^3) 



2-^3 



4-2^3' 

■"'*'" V2 • (s/3 - 1) ~ s/3 - 1 ' 
• A -n/3*2 



n/2 (73 - 1) • 
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n tan' 6 + 11 sin* 



131. 



^tan«a + ^8in«^-^tan«^-?sin"^ 
2 2 2 2 



= m cosec* 6 + « cot* d + n cosec* d + m cot* ^. 
Find (n) in terms of (»i). 

„ 2n . (tan* ^ -f gin* ^) 

^'^ m(tan*^-sin*a)-ii(tan*^-sin*0) 

= m (cosec* d + cot* &) + n (cosec* Q + cot* 6), 
2ii(tan*e + 8in*^) 



or 



(m-n)tan*a-sin*O r^"'^'^'^"^'^^^'^''^^^ 



2» (cosec*^ + cot*^) . (tan* 6 - sin*0) 

(//I + «) (wi - «) ~ tan* + sin* 

tan" d + sin' 



tan* 


a- 


•sin* 


e 


tan* 


a. 


sin* 


e 


1 




1 





sin* 6 tan* a 
= cosec* - cot' a 

-1; 

.-. 2n — (m + n) (w — «) = w* - «* ; 

.'. w* + 2 n = fw', 
n' + 2« + 1 =wi*+ 1 
n + 1 =^J(tn* + 1) and w = - 1 ± J(m' +1). 



•U*— ^p"* •!?*" + *r~** 

132. sin« a = — T — - and cos wi = ~ . Eliminate (x) and (6). 

2^ — 1 2 



Here sin' n = 

— 4 



j:--2 + a?-*" 2-(jr'"+j;-*")^ 
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.'. cos' 



14 1 4 ' 



.'. C08«a = ; 

2 ' 

/. cos* 71^ = = + 3 . I I ; 

8 8 \ 8 /' 

.•. cos S«^ = 4 cos' « 6 — 3 cos 71^ (34) 



2 
= cos m , d; 

.-. Sn6 = md; 
.*. 3n = Tn. 

133. Eliminate d by means of the equations w' tan' d — n sec' = a 
and ?w' cot' ^ - wi cosec' 6 = 6. Find also the values of (0) when 

I +a-b , 1 + 6-a 
m = and n = . 

2 2 

Here n sec' 6 — w' tan' 6 = ~-a. 
But »sec'0-ntan'6 = « (23); 



.-. (n*-«)tan'6 = a + «; .-. tan'6 = 



n'—n 



Again m cosec' O — m' cot' d= — b. 
But w cosec' 6 - TO cot' 6 = w* ; 



.*. (?w'-w)cot'6 = 6 + m; .*. cot* 6 = 



m'—m' 



.-. tan' = —-5-5 = -T ; 

cot' 6 b + m 



a + n m^—m 
n*—n b + m' 
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l+fl~6 , a-b 
Again wi = g =^ + _-, 

1+6-a , a-6 



.-. m + »= 1 ; 
.-. 7/1 - « = (wi + w) (m - ») = m*— «', 
and w' - OT = «* - «. 
Also in — n = a—b; 
.*. a + » = 6 + wi; 

.-. tan* d = -^ = —5 = cot" d ; 

n* — n mr—m 



tan0=«*=cot^=± 



tanO' 
.-. tan"a=±l; 
/. tan^=±^- 1 and ± 1. 

So that rejecting the two imaginary values, we have 

tan0=±l, 
and = 45 and 135. 

134. Solve the equation ar^-2cos26d?*+ 1 =0, and shew that 

its roots are of the form ± a, ± - . 

a 

Here x*-2 cos2dar* = - 1 

a:*-2cos20. 0:*+ co8*20 = co8'2d- 1 =- 1 . sin'20; 
/. j:'-cos20 =±^- 1 .sin 26; 
.-. a:*=cos20±^- 1 . sin20 

= (cos ± 7 - 1 . sin 0)« {56) ; 
,\ x=*^ (cos + fj^l , smd) and ± (cos 6 -J - 1 . sin d). 



EQUATIONS. 77 



But COS 6 - ^- 1 .sin 6 = t^ :-j^ — (23) 



cos 6 -J " I . sin 6 



(cos 6 4. J- 1 . sin 6) . (cos ^ - ^- 1 . sin 6) 



cosd + J- 1 . sin0' 
therefore the roots are 

± (cos 6 4- ^- 1 . sin ^) and ± 7 5 7 — ; r—rr , 

^ ^ ^ (cos^ + ^-l . 8in6)' 

and therefore are of the form ^^ a and ± - . 

a 

136. log, (cos sa ± 7- 1 . sin 3 6) 

= 2 log, (cos j:6 ± ^ - 1 . sin jr^). Find (ar). 
log. (cos 36 sfc ^ - 1 . sin 36) 

= log. (cos e^J-l.siney (56) 

= 3 log. (cos ^ ± 7 - 1 . sin 0) (71). 
Also 
2log.(cosar^±^-l . 8inj:0) = 2log. (c6s6sfc^- 1 . sin^)' (56) 

^%x, log. (cos 6±^ - 1 . sin ^) (71) ; 

.'. 3 log. (cos 6±^-l .sin^ = 2x. log. (cos ^ ± ^ - 1 . sin ^) ; 

3 1 
.-. 2a? = 3 and j: = - = i - . 

2 2 
136. If \ — 4^—? — = yi T. Thena = 60». 



,,4V-, gjv. cot^-tanl 



2 2 



|V-i -|V-i 
Here 



cot - - tan - 
2 2 



^ 1 



.'. cos - = 



2 ,a , a' 
cot ;r - tan - 
2 2 
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Sin-: 
2 



a 6 . a ^ • ^ 

•. cos" - - sm* - = Sin -r ; 
2 2 2' 



.'. cos 6 = cos 



\2 2/^ 



/. — : 

2 2' 



SB v 



.-. 36 = IT, and ^ = ^ = 60" 

3 



lO 



137. 


chd9 
€ 2 

chdd 

6 


chd9 
€ 

chdfl 


Schdtf 

= e ^ . Find chdd. 
Let € =^. 

cfad<) 3ehd9 






Then 


e 2 =yi, and e ^ 

••• 1+^=/; 
••• y'-y=^; 



, 1 5 

•••y-y + i = 4' 

•■^2 2 ' 

chdd 1 * J 5 

ore ^; 



I 



EQUATIONS. 79 

.-. log. (e""^^^) = log. (^-^) ; 
.-. chd0 = log.(l±^5)-log.2 (73) and (72). 

138. (1 + cos 6) . cos* j: + (2 cos 6-6), cos*a? + 1 + Cos ^ = 0. Find 
values of cos or. 

Let cos x=y. 

^. 4 2co8^-6 » 

Then v* +-- 5- .«» = -.!. 

^ 1 + cos 6 ^ 

„ ^ 2cos^-6 2COS0-6 cos6-S 

But — ;r- = ^ = ^ 

1+COSa ^8^ oB 

2 cos' - COS* - 

2 2 

l-2sin*^-S /l + sin»- 

2 / 2 

-^1 -2.1 — 

COS"- \ COS'- 

= -2.(sec«- + tan«-); 
.-. y- 2 . (sec» 2 + tan«-j .y» = - 1 ; 
.-. y-2,(sec ^+tan«-j./ + (sec^-+tan«-j = (sec»-+tan«-^- 
= (sec* - + tan' - + 1) . (sec" - + tan* - - 1) 
\2 2^^2 2^ 

Q 

= 2 sec* -.2 tan*- (23) 
2 2 

= 4 sec* - . tan* - ; 
2 2' 

.-. /-^sec*- + tan*-j = ±2sec-.tan-; 

.-. .V* = sec*-±2sec-.tan- + tan*-, 

and.y = ±^8ec-*tan-j; 
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.'. the 4 values of cos x are, 

Q 
sec - + tan - (1), 


sec--tan- (2), 

-sec --tan-. (3), 

-sec- + tan- (4). 

139. Form the equation whose roots are 

± p . cos' - : ± p . sin' - , where sin 6 = — ^ . 
'^ 2 ^ 2 p 

Let J? be the quantity whose four values are 

d=p.cos»-, ±p.8in*-. 

Then the four factors of the required equation will evidently be 
«-p. cos'- = 0; jr+p. cos*-=0; or-p. 8in'- = 0; dp + p . 8in*- = 0, 

/6 ^ !S 2 

and therefore the equation itself is 
(j:-p. cos^-j . lx-\-p . cos'-j . Ix-p . sin*-j . l^+p . 8in"-) = 0, 

or ( ar'-p'. cos*-j . f j?*-|j*. 8in*-j = 0, 

or j:*-p". (cos*-- + sin*-)a?'+p*. sin*- . co8*- = 0. 
^ \ 2 2/ ^ 2 2 

Now cos* - + sm*- = I cos' - + sm'- I - 2 sin* - . cos -r 
2 2 \ 2 2/ 2 2 

=.-..(=-7 

sin' 
2 

~ / ' 

.-. /. (^co8*- + sin*-j«:p'-25f. 
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Again sin* - . cos* - = (^-^ j 

=(f)" 

.'. »* . Sin* - . cos* - = Q* : 
therefore the equation required will be 

140. Given the roots of «*-p« + g = 0; ^(1 ±^- 1 . tanfl) 
to shew that cos = -r , . 

«'-p« + g = 0=|j:-|(l+V-l,tanfl)| . t«-|(i-^- i . tan«)| 

-{(-D-f-/-'-'«'t{('-i)*f^-'-'»»} 



2 



.(.-|)%tun., 



4 4. 



= a:»-par+£-. (l+tan*0) 



ar'-por +^ . sec* 6 ; 
4 

.•. a = V • sec* 6 ; 
4? 



.'. sec'^ = — ?: 
P 

.'. COS*^= 5-3 = f-, 

sec' ^ ^q 

and COS ^ = ;^ ". 

2^9 
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141. Solve the equation ar*-(/ + 2g)ar*+g' = 0, by a sub- 
sidiary angle^ 



4 4 



(^)= 



... J. ( y ^^Y ),^ x/(P*+^?P^ . 






^+?*p 



^? 



■••"*{y(f')*i} 

Let -^ = cot 2 0. 

Then A + 1 = 1+ cot'20 = cosec'26 ; 
49 

.'. a: = ^ Jq (cosec^d ^ cot^d) 

= ±^^ . cot^ and ^Jq . tan0 (28). 

142. Ja*-a'b^.sinx + ah . cosx-Qb. y/(a'-b^) = 0. Find (x). 
rt« . /( 1 - -5 j . sin J? + aft . cos or = 2o6 . a/ V "" a*/ ' 
.-. a. ^(l - -s) . sin;r + b.cosx = 2b. ^(^1 --«) • 
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Let - = sin ^, or b = a . sin 0. 
a 

Then a . ^(1 - sin* ^) . sin j; + 6 . cos x = 2b . J{1 - sin* 0), 

and a . cos , sin j; + a sin ^ . cos x = 2a . sin ^ . cos ; 

.*. cos ^ . sin a: + sin ^ . cos or = 2 sin ^ . cos ; 

.'. sin (j? 4- ^) = sin 2 ; 

.-. x^0 = 20, 

and x = 0, 

which is known from the equation^ log sin 6 = logio 6 - logio « + 10 
to tabular radius (72). 

1 2 

143. If (cosec 2 - cot 2 0) cos* = ~ and sin = - ; 

then the values of tan ^ are cotf^j and tan (— j . 

Here «tan0 = — ^^ (28) 

cos* ^ ' 

= sec' 

= 1 +tan'^; 

.-. tan* - n tan ^ = - 1 ; 

.-. tan* 6~«tan^+--- = ---l 

4 4 

«*-4 



4 ' 



2 



Now n = —. — - = 2 cosec d> ; 
sm0 ^ 



6—2 
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.«. n' = 4cosec'0 and n'— 4 = 4co8ec'0-4 = 4«(co8ec'^- l) = 4cot'^; 

•'• iy(«*--4) = 2cot0; 

= cosec *k cot 

= cot I and tan | (28). 

144. One of the values of (6f) in the equation 2 sin" d = cos' 6 is 



sec" 



AV 4"^12V 3 "^V 4 TSVs)' 
Let sec 6 = 2. 

Then^=2sin-a = ^ (25) 



2* ' 



.-. i = 2.(z«-l); 



2 



Let z = J/jr + J/^. 
Then 2^ = or + ^ + 3 ^Jr^ . (t/ar + ^1/) 

= x -\-y + 3 \Jxy . s ; 
.-. 5:'-3jyar^ . 2-(jr+^)=0 = z'-z--; 

therefore by equating the homologous terms^ we obtain 

Sllxy=^l, and x^y^-; 

4 
.*. 27^^=lj and 4j:^ = — . 
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Also s^+ixy + i^=-i 



. « .14. 11 

*-^'^+^ =5-27=3736' 



'-•y=e\/(T)' 



*+i^ = g; 



•••^*=|-^b\/(t)' 

= i i_ /il 

••• V^* = \/i + i2\/T' 

^^ = V i'liV's"' 
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145. Sum sin^ + sm — + sin y+ to («) terms, 

Q 6 

cos0-co8d = 2sin-.sin- (11) and (32), 

COS 6 - cos2 6 = 2 sin — . sin - (40), 
cos26-cos3a = 2sm — . sin-. 



6 . 



cos (n - 1) . a - cos n6 = 2 sin (2n - 1) - . sm - ; 



/ 



.; cos - cos n0 = 2 sin -* S^; 

2 



^ 2 sm' -T- sin' -- 
l-cosyi6 2_ 2_ 

•'• ^' Ta"" ^ . a " . a * 

2sin- 2sin- sm- 



cot'l^l cot»^-l 

146. If *S^, = J + p + 

cosec 6 . cot — cosec 3 . cot — - 
2 2 



cotM ^^^^— ^ ) a - 1 



./2w-l\>,' 
cosec (2n - 1) a . cot ( — - — 1 
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cot" - + 1 cot" "^ + 1 

and «. 5+ p + 

cosec 6 . cot - cosec 3 . cot —- 
2 2 
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cosec 



(2»-i)a.cotr^^?^)6 



Til '^^ - sin2n6 
Si'"2«sin^' 

.0 6 

cot' ~ - 1 cot - - tan - o «^* /i 

2 2 2 /^„N 2 cot a . ^. ^ ^ ,__v 

-. = = 5--± (23) = V, (27) = 2 cos a (25), 

B cosec 6 ^ cosec a ^ ^ ^ ^' 



cosec . cot - 

2 



coe^^l 

^ = 2 cossa, 

cosec 30. cot—- 

2 



cosec 



cot»(^).0-l 

=2co8(2ii-l)g; 

(2»-l)0.cot(^^)a 



.-. i^i = 2{cos6 + cos30 + cos50+ cos(2«-l)0} 

_2sinw6. cosn0 .^^ _sin2n0 
"" sin0 ^ -^ ^ sind * 

Similarly 5', = 2 + 2 + 2 + 2 + 2 + to (n) terms = 2»; 

Si sinQnO 



• • 



Sa 2nsin0' 



..„ « sec(45+0) sec(45+20) sec(45 + «0) 

147. Sum 7t ^5+ h 7^ + T^ TT^ 

sec 45. sec 2a sec 45. sec 4a sec45.sec2no 



in functions of - and -— . 

2 2 



sec (45 -hd) /,./!/« , ON 

:rz ^n = cos + sm 0. (Prop. 18), 

sec45.sec20 v r y> 
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8ec(45 + 2e) ^_ . ^_ 

7-^ T-^i = COS26 + sin 26, 

sec 45. sec 4o ' 



sec(45 + n0) ^ . ^ 

i^^ --^ = cos fi0 + sin n^ ; 

sec 45 . sec 2 n 

.'. ^1 =(cosd + co826 + cos364- cosnd) 

+ (8in0 + sin20 + 8in36+ sinn^) 

= g + g (67) and (68) 

sin - sin - 

2 2 

< fi6 e , fiB . e 
«>8-2--cos--sin — .sin- 

sm-r 
2 

, ve e nd , e^ 

sm — . cos -• + cos — . sm - \ ^ 

+ 2 =-Y-^ I . «n ^ (36) and (37) 

f nd e , nd , nO 6 n0\ . nd 

= I cos ■—- . cot - - sm —- + sin -—- . cot - + cos -r- ) . sm — - 
\2 2 2 2 2 2/2 

= ((^l+cot-j.co8--(^l-cot-j.sm-[.sin-. 

148. Sum tan0.sec26+tan26.sec4d + tan46.8ec89+ 

to (;i) terms, 

tan 2 ^ - tan ^ ^ ^ 
.-. tan(?. sec 20 = tan 2^ -tan 6 (23), 
and similarly tan 2 . sec 46 = tan 4>0 — tan 2 6, 
and tan 40 . sec 80 = tan 86 - tan 4>0, 



tan 2""* 6 . sec 2" = Un 2" - tan 2""' ; 



.-. *S'i = tan2"0-tanO. 
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149. Sum tan -- + tan + tan 2^ -f Un 2""*^ 4 cot 6 

2 



+ cot 26 + cot 46 + cot 2"-* 6, 



6 6 

2 cot 6 = cot - - tan - (28) ; 

6 

.*. tan -- + cot 6 = cot- — cot 6 ; 

2 2 ' 

and similarly tan 6 + cot 26 = cot 6 -- cot 26, 
and tan 26 + cot 46 = cot 26 - cot 46, 



tan 2"-* 6 + cot 2""* 6 = cot 2""* 6 - cot 2""' 6 ; 



.-. A^i = cot - - cot 2*-' 6. 
' 2 



150. Sum clid26. vers6 + ^chd46.vers26 

+ ^ chd 86 . vers 46 + to (n) terms. 

chd 26 . vers 6 = (1 - cos 6) 2 sin6 = 2 8in6- sin 26, 
i chd 46 . vers 26 = (1 - cos26) . sin 26 = sin26- ^ sin 46, 
I chd 86 . vers 46 = (1 - cos 46) ^ sin 46 = ^ sin 46 - i sin 86, 
J chd 166 .vers 86 = (1 - cos 86) J sin 8d = ^ sin 8 6-1 sin 166. 



4t chd 2" 6 . vers 2"-' 6 = (1 - cos 2""* 6) -ij . sin 2""* 6 

/6 '4 



2^--2-«--^ 



^sin2*-'fl-— r.8in2"«j 



••. 5, = 2 sin fl - —5 . sin 2" fl 
= 2 (sin 6- i sin 2" 6). 
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sin (30 + - ) . sin (30 - -) . .^ ^v . ,^^ -. 
\ 2/ \ 2/ sin (30 + &) . sin (30 - B) 



151. Sum I _A + 



8in29 sin2"d 

sin (30 + 9r-*G) . sin (30 - 2-* 6) 



"^ sin2"d 



Sin(30 + J).sin(30-|) 

^ I ^A = 1 cosec e-^ cosec 2 (Prop. l6) ; 

sin 20 ^ 4 V r y» 

and similarly ^ . o« " fl ~ i cosec 2(^ - ;i cosec 4 6, 

sni 2' . 6 * * 



sin (30 + 2"-" 0). sin (30- 2"-* 0) , n-i /i i o-ii 

^ j^^ — — H ^ = i cosec 2*^* - i cosec 2" 6; 

sin 2 * 



.•. 5'i = ;J cosec B - \ cosec 2" & 
= ^ (cosec - cosec 2" 0). 



m If|^| = i(co4.tan.|). 



Then S^ =cot'0(l - cot^a^- cot*0-cot'0+ ). 

"^'"^ 1^^ = ^"' 2^^ 2 



/ ay 

= (cot o + 1*'^ 9 ) - 2 cot - . tan 





2 



= 4 cosec* - 2 j 

1 *♦" 'S' 1 ^ art - 

•. o = 2 cosec^0 - 1 ; 

1 — Oi 
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•. 2 cosec* Q = ^ + 1 

1 -iSy 



\ cosec* d = 



1 
1 



* cosec* d 
= sin* e 
= 1 -C08*6; 

= cot*0 



\1 + cot*^/ 
= cot*a (1 - cot*^ + cot*a - cot*(? + ). 

153. UJS,^ fl^ jandV^, = ^^Jl .. 



S,= 



Then S^ : iSg :: 1 + sin : 1 - sin 6, 
2 2 



^ a fee 2 cosec ^-2 cosec 6-1 

cot - + tan r^ — 2 . / cot - . tan - , 
2 2 V 2 2 

sin 6 



Sa = 



l-sin^' 
2 2 1 



10 6 2 cosec 6 + 2 cosec 6 + 1 

cot -- + tan - + 2 A./ cot - . tan - 

2 2 V 2 2 

sin 6 






l + sin6' 
sin 6 sin 6 



1 - sin 6 * 1 + sin 6 
:: 1 + sin 6 : 1 — sin 6. 



92 



SERIES. 



IfiA Q chd 2 6 chd 46 chd 66 chd2ii6 

1D4. Oum ^^^^ -—j^^+^^^j-^ *___. 

Let 6 = 20. 

-,, chd26 chd40 2 sin 20 ^ 
Then , , ^ = , ,^^ = -77-^ — ^ = 2 cos 0. 
chd 6 chd20 2sin0 ^ 

And now let 2 cos = j: + - . 

Then 2 cos «0 = j:" + — , where (n) may l>e any number^ integral 
or fractional (57) ; 



«, 





chd 26 
'• chd6 


1 
= 0: + -, 

X 


and 


. ., , chd 46 
similarly ^j^^g^ = 


=**+?' 




J chd 66 

and -r-5-Trs = 
chd 3 6 


• ••••• 




••••..••■••< 

chd2n6 
chdii6 " 


= d:*H — : 


-x*-h 


*^) + ri- 


1 1 

--5 + -Ti 



i) 



X 



j:+ 1 



(-^i) 



j: + 1 



(-•^^-(-"'^^J 



j:* H — 

I I 

ji I 
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9S 



COS ^ ± COS 

2 



(^) 



* 



cos^ 
2 



(57) 




cos~ 

4 



cos 



e-^) 







6 

cos-- 

4 



^°s I J 6 . cos- . ^ 2 sin ( — — j ^ . sin- . ^ 

-7 «' 3 



(40) 



COS- 

4 



cos- 
4 



according as (n) is odd or even. 



, -« cos (45 -6) + cos (45 - 4^) + cos (45 — 7^) +. . .to («) terms 
sin (45 - 6) + sin (45 - 46) + sin (45 - 7^) +. • -to («) terms 

= tan < 45 + ( — - — j 6 > . Required proof. 

cos (45 - 0) = cos 45 . cos + sin 45 . sin 6 = cos 45 . (cos + sin 0) 

(37) and (15), 
and similarly cos (45 - 46) = cos 45 . (cos 46 + sin 4 6), 
and cos (45 - 76) = cos 45 • (cos 76 + sin 7 6) 



cos{45-(S«-2)6}=cos45 . {cos(S»- 2)6 + sin(S»-2)6}; 
cos (45 - 6) + cos (45 - 46) + cos (45 - 7 6) + . . .cos {45- (3« - 2) 6} 
= cos 45 . {cos 6 + cos 46 + . . . cos (S« — 2) 6} 
+ cos 45 . {sin 6 -♦- sin 46 + . . . sin (S» - 2) 0} 



= cos 45. 



cost 1 6 . sm -— . 6 1 

\ 2 / 2 I 



sm 



W 



( 



+ cos 45 . * 



. /3n-l\^ . 3n ^ 

sm I — - — ) 6 . sm — .6 

\ 2 / 2 



. 36 
sm—- 
2 



(69) and (70). 
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In the same manner it may be shewn that 
sin (45 -6) + sin (45 - 4(^) 4- sin (45 - 7^) ■»-. . -sin {45 - (3it - 2) a} 



= cos 45. 






. 30 
Bin -— 
2 



—cos 45 < 



H^yMT)'] 



. SB 
sm -T- 

2 



cos (45 -6) +cos(45 - 46) + co8(45 - 7^ +- -cos {45 - (3« -2) 0} 
• * sin(45 - 6) + sin (45 - 46) + sin (45 - 76) +- • -sin {45- (3 « - 2) 6} 



cos 



(-.)...„(--) 



6 



cos 






1- 



C08 



1 + tan 



1 -tan 



/Sn - IN 

EH 



e 

6 







e 



6 



= tan {45 + (-"-3-^) ^1 (12) and (38), 



156. Sum 



3 



5 11 



13 19 



1.5 3.7 9.13 11.15 17.21 



3 



5 11 

+ 



1.5 3.7 9.13 



22 
7"*"9.13 



■) 



1/ 6 10 
"2X1.5 3.1 

1/ 5 + 1 7 + 3 9 + 13 \ 

~2U.5 * 7.3 "^ 9.1s / 

=ll'4-(rO<^n)- } 



SERIES. 95 



lA 1 1 1 1 \ 

iO-3^5-r9- ) 

Ki) (59) and (12) 



2 

IT 

8 



157- Sum the series: 

..,.(i±i)_H.(!l±i).H.(m)-ri.(£-). 

-'•(^)-'-m-'-m-K^)* 

= (tan^ + tan|)-i.(tan»| + tan»j)+l.(tan^| + tan'j)- 

= (ton J--, tan" ^+ ) + (tan^ - -.tan»g+ ) 



IT TT 



= 5^6 (^9) 



IT 

2 



158. If 5', = l-i.3 + i.S«- 

and iS'a=l«i.S-* + i.3-*- 

' 3 5 

Then 5'^ : S^ :: 2 : 3, 

= -u: • (tan ^ - - . tan* ^ + - . tan* ^ - ) (19) 

J3 ^ 3 3 3 5 3 J \ ^/ 



h4) (^9). 



n/3 



96 SERIES. 

Again, ^, = ^3 . (1 -i . i + - . i- ) 

= ^3.(tan^--.tan*7T + -r. tan*g- ) (20) 

= V3.g 

" 2 '3' 

• • ^' • ^' •• 73 " 2 
:: 2:3. 

159. Sum the series : 

tan (a - 45) + - tan* (6 - 45) + ^ tan* (6 - 45) + 

3 5 

1+2: 



Let tan^ = 



1-2 

1+2 



1 



^, .^ V tan(?-tan45 i-jsr 

Then tan(g-45) = ^^^^g ^,„^g =— y:^ = ^; 

1 + 



1-z 



3 5 



^ 2* 2* 
Now log. (1 +z) = z--+-3 -^+ 

2« 2* 2* 

and logf (1-2) =-2:---- --- (75); 



.-. log. (1 +s)-log.(l-2) = 2 .(24.- +^+ ); 

••. 'yi = i{log.(l+^)-log.(l-^)} 
= ilog.(ii-;) (72) 

= log. V(tan e). 
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160. Sum the series: 

l(^).l.(^)^l^.(£^).\.(^y 



= « . log,(l +«)-log, ^1 +ij (75) 



= «.log,(l +«)-log«f— j^ 

= « . log« (!+«) — log* (! + «) + log* X (72) 
= (« — !) logt (1 + «) + log« ar. 

161. Sam l+|.(i)' + |.(iy +1.(1)* + .... 
and apply it to shew that 

- cos*6 + - cos*6 + ji cos' 6 + = log« cosec 0» 

111 

Then <S'i = « + -2'+-«*-f-jB*-f 

2 8 4 

= -(-2f---2"--S*--Z*- ) 

= - log* (1-2) (75) 

= log6l-loge(l-2) 
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icOS'fl + ic08*e + icos'fl + 
2 4 



=iN*(&-S)} 

= loge (cosec^) (23). 
162. Sum tana + i.tan«a + l.tan»a + -.tan'0+ 



Let tanB = x. 
Then ^-j = ar + i.a:" + -.x* + -.a:' + 



//l+tane\ 
= log, Jtan{4>5^e) (38) and (12). 

163. Sura l.tan"a + i.tan*a + ^.tan«a+ 

2 4 

Let tan0 = -. 

Then 5. = |.(^ 4.144. i+ ) 

= |.%.t^) (Prop. 161.) 

= logi cos - p logi COS 2 ^. 



SBRIES. 99 



164. Sum tan^ -^ i . Un*^ + i . tan"^ + 

5 9 



Let tan = 0:. 

Then Sir^x + \a^ + ^a^ + 

5 9 



Now 



lqg€Vtan(45 + ^=« + ^-«'+i'**+^-*^+^-^+ ••• (Prop. 1 62), 

3 o 7 " 

and = a?-|.«^+i.V-^.«'^+i.a;'- (59); 

.-. loge Vtan (45 + ^ + 6 = 2 . (a? + - . a?* + - . «• + ); 

A iSi = i . {loge ^tan (45 + 0) + a}. 



165. Sum 1+^-^-^ + j g.^^ g + j^^^.g g^ g+ 

v-i r '^ , ^ . ^' , '^ 

'""d^'Vl.a 1.2.8.4 1.2.3.4.5.6 / 

2 - _^ *« J!* .2 

'*»*^ 1.2 1.2.3.4 1.2.3.4.5.6 '' **' 

Now ^=1 + , + ^+^+^-^+ 

ande-'=l-* + j^-l^+Y:^- (74); 



• *' «• V 2 >/ «« 



7—2 
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log.(l+e')= e--|.e- + |.«"-i.e*'+ ; (75); 

.-. kg,(l-e')-log,(l+«0 = -S(«' + 5-«*' + ^-«"+ 



and log,(l-e*)+log€(l+eO=-2U-*" + i**** ■*■§•*"■*■ )' 

^■^■^'^' + l-^'+ log,(l-6-)-log.(l+eO 

z 4* D 

log.(l-e')-log.(l+gO • 
= log{(l+e-).(l-eO} ^^''^ 

log,(l-e*)--Iog«(l+e') 
--^ log(l-e-) ^- 



CHAPTER VII. 



MISCELLANEOUS. 

167* Rbquibed the arc whose supplement is to its complement 
as four to one. 

Let be the arc. 
Then wO : ^-6 :: 4 : 1; 

.•. w-a = 2ir-4a; .•. 30 = IT and ^=^. 

3 

168. Required the arc the sum of whose supplement and 
complement is to their difference as two to one. 

Let 6 be the arc. 

Then (» - ») + (^ - O) : (» - fl) - (^ - e) :: 2 : 1 ; 

3if ^/i w _ _ 
.-. -r--2^ 1 - :: 2 : 1; 
2 2 

... _-2a = ,r; 



.-. 26 = ^ and ^ = ^. 
2 4 

109. If tan -z-\' and tan ^ =* J, then vers ^ = 2 vers rf>. 

1 - tan" I 2 tan" ^ 
2 2 

• vers ^ = 1 - cos^ = 1 - ■ j i = i ■ (so) 

1 +tan"^ 1 +tan"-t 
2 2 

10 10 5' 
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1 - tan" - 2 tan" - 
vers 6 = l-co86 = l- — — 



1 + tan" - 1 + tan" - 
2 2 



2 



4 2 

= -= ^, and .-. =2 vers 0. 

5 ^ 



170. cos6 = chd"0. Find the numerical Talues of sin^^ cos^, 
versd, chd6^ tand, cot^^ sec^ and cosec^* 

co86 = chd'6=2-2co86 (24); .•. 3co6a = 2 and co8a = |; 

3 



.•• chd^ 



V©- 



2 1 
and vers 0=1- cos 0=1--=-, 

3 O 



Sin = J(l - cos"0) = y(l - I) = ^^, 



secO ^ 3 = - = - = 1*, 

cosO 2 2 ' 

5 

. 1 1 3 

cosec u = -5 — 3 = —7- = -77 , 
sin 6 J5 J 5 

3 

^/5 

sin 6 3 iv/5 

tan Q = 3 = --• = ""5", 

cosO 2 2 ' 

1 1^2 

tanO ^ i7^* 
2 



cotO = 



75 _ 1 
171. Given sin 18 = '^^— ^ — to find the numerical value of 

4 



tan 36 
tan 18 



tan 36 _ 2tanl8 . _ 2 

tanl8 ~(l-tan"l8)tanl8 ^ ^ '^l-tan"18 
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2 cos' 18 g-g8inM8 

"" COS* 18 - sin" 18 "" 1 - 2 sin" 18 ' 

v/5-1 
Now sin 18 = ^^-r — ; 
' " ■■ • 4 

• .,» 6-ZJ5 S-JS 

4 

tan 86 ^ 4 5 + ^5 

•'• tan 18 3-^5 " 1 + JB"'^^' 

^~ 4 

172. The number of the sides of one regular polygon is to 
that of another as 3 to 2. Also the sum of all the angles of the 
two polygons is to their difference as 11 to 3. 

Required the nature of the polygons and the value of an angle 
of each. ^ 

Let (x) be the number of the sides of the ^rst polygon^ 

(6) one of its angles^ 

y be the number of the sides of the second polygon^ 

one of its angles. 

Then since both the polygons are regular, ^ 

xO = sum of anjrles of the first = 2a? . - - 4 . - 

^ 2 2 

(Euclid, I. 32, Cor. 1) 

= (jr - 2) w. 

Similarly y = (^ - 2) ir. 

Now a: : y :: 3 : 2; .'.20? = 3y, 
and 11 : 3 :: xO-^y<p : xB — yip; 
.'. 14 : 8 :: 2xQ : 2^^, 
and 7 : 4 :: x^ : ytp 

:: x-2 : ,y ~ 2 ; 
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•*• ^ = 6 and the 2nd polygon is a Hexagon^ 
x = f = 9«mdthelst Nmagon. 

Also tf = ^^^^ ir = 140», 

173. Required that arc which is divisible without remainder, 
either when converted from degrees into grades, and divided by 
number of grades corresponding to 27 degrees, or when converted 
from grades into degrees, and divided by number of degrees cor- 
responding to QO grades. 

Let (6) be the arc. 

Then arc in grades = + - (p5) = — — G. 

Also number of grades corresponding to 27 degrees 

27 
= 27 + -^==27 + 3 = 30G; 

= —: = whole number. 



9 . 30 27 
Again, arc in degrees =* ^ "" tt^ = TX -^ (^^)' 

and number of degrees corresponding to (90) grades 

-90-~ = 90-9 = 8lD; 

= —r = whole number. 



10.81 90 
Let op: = »i. Then d = 90wi; 

.•. by substitution we have --—- = — -- = 3 m + — = whole number. 
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fjfl \ 

Let "o = »; .*. wi = 3» where (») may be assumed at pleasure. 

Let n = 1. Then m=^ 3 and = 270, 

« = 2 w = 6 and 6 = 540, 

: &c. &c. &c. 

174. Find the curve traced out by the intersection of the 
secant of an arc, and the chord of twice that arc while the arc 
increases firom to a semicircle. Compare its area with that of 
the given drcle. 




Let ^» be the arc of a circle whose radius AC is (r) and 

P be the point of intersection of secant Cn T and chord Am* 

Then when the arc is or n coincides with A, P also coin* 
ddes with A and the curve is 0. 

Now in the two triangles ACP, mCP, 

AC, CP=^mC, CP and zACP =^ zmCP (Prop. 27- Euclid, hi.); 

.•. z mPC s= z APC = right angle ; 

m 

*\ the curve which is the locus of P is a semicircle. 

(Prop. 31. £ucLio, III.). 

When n coincides with A', m coincides with A" and P with C; 

^\ the diameter of this ^ circle is (r). 

When 91 is at any point n' in the second quadrant, m will be 
at some point m' in the third quadrant such that A'' m! - ^A'W and 
point P will be at P' in the fourth quadrant. 
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When n is at A" m will be at il and point P at A; 

.*. the curve which is the locus of P while the arc increases 
from to a semicircle^ is the circle whose diameter is the radius 
of the given circle ; 

and •*• area of this circle : area of given circle :: r* : 4ir*. 

(Prop. 2. Euclid, xii.) 

:: 1:4; 

, /» t • 1 1 area of ffiven circle 
and area of the circle traced out = sl- 

4 

_ (3 . 141592658590- > Q r« 

4 

= (. 785898165S97. . .) r»; 

175. Simplify the expression 

3 sinO - emSS A- S and . cos2g~sin86 . cos26 
3cos6 + co8d0-3cos^. cos2^-cos30. cos20 

3sing~8in3^4-38ing . cos 2^ -sin 36 . cos26 
3cos6 + cos36 — 3cosd. cos26 — cos36. cos2 6 

38inO(l+cos2^~sin30(l-f cos2^ 
"" Scosa(l -COS26) + cos36(l - cos3a) 

(3sing-8in30). (1 4-cos2g) 
~(3cosO + cos30). (1 -cos2^) 

48in*6 . 2cos*0 -^ . , ,^^. 
= 4cos'g.2rin'0 (^2) «"'* (^*> 

sin 6 
~ cost^ 

= tan^. 

176. Simplify the expression 

(cot»O + tan*0) . (cot^ + tan0)-(cot*6-tan'e) . (cot6- tan^). 
(cot* a + tan» 0) . (cota + tanO) - (cot" © - tan» 0) . (cot 6 - tan a) 
= (cot*© + tan"d) . (cot a + tan e) - (cota + tan^ . (cot e - tan^)" 
= {cot* a + tan* a - (cot - tan 0)*} . (cota + tan^) 
= {cot*a + tan*a - (cot" - 2tane . cot 6 + tan" a)} , (cotS + tane) 
= 2tan a . cot a . (cot a + tan a) 
= 2 .(cot a + tan a) 
= 2 cosec 2 6. 
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rf»r»fr^ /111 

177- If -"-3^3^ = 2co8ec*^- 1, then tan = cos 4>. 

cot"a+l ^ .^ , 
— 5-7; = 2cose<r <^ — 1 

= co8ec'0+cot"^ 

= rT^+r4:j: (2S) and (25) 

tan'0 tan'0 ^ ^ _ ^ 

_ sec* + 1 ^ 
■"sec"^-!' 

.% cot" 6 4-1 : cot*^-l :: sec'^ + l : sec*^-!, 

and A 2cot"© : 2 :: 2sec'0 : 2; , 

.'. 2cot"^ = 28ec*0, 

and cot^ = sec0; 

A tan^ = r;; = r=COS0. 

cot sec ^ ^ 

i^o T-tan"0-(l+2tan«0) , . , ,. . 

^7«- ^^ tan^Vtane ' = (^^ ■ (^^ 1). then 

sec2^ + cosec2^ + cot2 ^ = w'. 
Here tan" - 1 - 2 tan' e = m'. (tan' ^ - tan ^) - tan' ^ + tan ^ ; 

.-. TO*.(tanO~tan'^) = tan^ + tan'a-f 1 -tan'a; 

, tanO + tan'g l~tan'0 
•*• ^ '■tanO-tan'^'*"tanO-tan»^ 

l+tan"0 1 

+ 



1-tan"^ tan^ 



1 /I + cos 2^ ,^^. - ^^ ^ 

= — ^ + A./^; ^ (30) and (31) 

cos2^ V 1 — co82^ ^ ^ ^ ^ 



1 l + cos2^ 

+ 



cos2(^ sin 2d 



1 cos2d 



cos20 sin2d sin2(^ 
= sec 2 + cosec 2d + cot 2d. 
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tan (30 + 6) 
tan(60 + e) 



-7^ + tan ^ /« ^ A 

n/S l-JS.tan^ ,,^. . ^. , . ^^ 

/ 1 / JS4-tsne 09), (20) and (38) 

l-.-^.tane 

1+73. tan a 1-^3. tana 
JS-tanB ^ JS + tane 

l-3tan'a 
3-tan»a 



/3~3co8ga \ 
\ l+cos26y 



3 



/ l~cos2a\ 
\H-cos26/ 



(31) 



2co82a-l 
2 cos 2 a + 1 ' 



Again, tan20-alec20 = cot^^-2<^^-cosec^|^--20) 



= -tan 



^-«) (28) 



tan — 1 . _. , , ^ 

2co82a-l tan0-l 
" 2cos2a + l ""tan^ + l* 

/. 2CO8204-1 : 2cos2a-l :: tan0 + l : tan0-l; 

.*. 4cos2d : 2 :: 2tan0 : 2; 

.*. 4cos2a = 2tan0, 
and 2cos2a = tan^. 



180. Exhibit 



Sir w 

tan — - + tan -- 

8 8 

. 37r w 

tan tan — 

8 8 



as a continued fraction. 
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3w , V TT AT' 

tan — + tan- cotj + tan- 
tan--tan- cot--tan- 



2 cosec - 

T (*7) 

2 cot -7 

4 



= 8ec^ (23) and (25) 

= ^/2 (16) 
= 1+^2-1 
1 



= 1 + 



= 1 + 



= 1 + 



s/2 + 1 

1 

2 + ^/2-^1 

1 

3 + ^ 



= 1 + 



V2 + 1 
1 

2 + i 



2+1 



^ 1 

2 + 



2 + 



181. Compare the vanishing fractions 

sec6-cosec0 cot6-*tan^ i n w- 

"^^ ^ a;^fl — ^^o/i ' "« = 2 J' w**®^ ^ = T . 

sm 17 — cos u cosec o — sec v 4 

__ sec ^ — cosec ^ 
* " sin d — cos 

sec 6, em 6, cfisd^cosecd, sin 0, cos 



(sin 6 - cos 8) . sin B.cosB 
sin — cos 1 



sm 0. cos . (sin - cos 0) sin 6 . cosd 



IT ?r 

sec -.cosec - 

4 4 



= 2 (16). 
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Similaiiy », = cos 6 -f sin 

. IT ir 

= Sin - + COS 7 

4 4 

'ji (») 

182. If tf + ^ + V' + x^*^' t'teo 

sin . {g . (g - ^)} ♦ sin (Vr + x) ^ Mn{2 . (^-^)}. gin{(g + ;;tj^ 

, 8in{2.(>^-y)}.8in(g4-») ^ Mn{2 . (y-O)}. 8in(0 + tfr) 
<»«(^-x) co8(x-«) 

8in{g.(0-»)} 28in(tf^4»).co8(g-») 

co8(«-0) cos(0-^) ^28in(ff-^), 

and 8in(\//' -f ^ - 8in{ir - (0 + ^)} = 8in(0 + ^) ; 

sin {2 . (fl - *)} sin (\^ + >0 „ • ,a ^\ • ,« .x . .» 
•*• — ^ — coa^-<p) ^ = 2'^(O + »)-8m(O-0) = 8in'g-8in'0 

(41). 

«-a-ly «Eii:^M:^(!±3^=3inV-siB-,^, 

^<^-<^-X)^^^<^^»> = sin',^-sin«x. 
sin{2.(y-0)}.dn(»H.,^) ^^ , 



sin {2 . (6 - 0)} . sin (>fr -- x) sin {2 . (0 - >^)} . sin (^ + y) 
cos (6-0) cos (0 — >//') 

^ sin{2>(>f.-x)}.sin(e-h») , sin{2 .fa~6)}. 8in(»-f y.) ^^ 
cos{yl^-X) cos(x-^) 

Cor. Precisely in the same way it may be shewn that the pro- 
position holds good if 6 + + >//- + ;^ = 2 ir^ or if ^^ 0, i^ and x be 
the angles of any quadrilateral figure. 
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183. Extract the square root of cos2d«fe^-l .sin 20 inde^ 
pendently of Demoivre's formula. 

Let Jicos20dtJ^i .sinze) = Jx^Jy; 

.-. cos2^*^-l . 8iR26 = a? + ^±2^ary; 

A a?4-y = cog2^ and^-l • sin26 = 2^ary. Hind's Algebra, 120; 

.'. «"+2d?^+y=cos*26, 

and 4jt^ = — sin*2^; 

.-. a:*-2«y+y = cos'2S + sm*2^= 1; 
.*. x—y = l, 
and « + ^ = cos2^; 
.'. 2« = l+co82^ = 2cos*fl; .•. ^ar = cos6, 

2j( = -(l-cos2a) = -2sin»a; .-. Jy-^J-LsmS; 
.". ^(cos26±^-l •sin2^) = cos^±^-l .sin a. 

184. Extract the cube root of cos3^±^- 1 . sinSd. 

Let !I/(cos86 + ^-l . sin SB) =x + Jtf. 

Then l/icoaSe-^-l . sin 38):= a? -^y. Hiud's Algebra, 124. 

••. y(cos»38+sin»30) = a?«-y, 

or l—a^—y and^ = a:*— 1. 

Again cosS^ + ^-l , tmSQ=^a^-^3ai'. Jy + 3xy ^yjy 

= (p^-^3xy) + (3x'-^y)Jy; 

.-. cos 38 = a^ + 3a?^. Hind's Algebra, 120. 

= a;'+3x . («*-!) 

= «'+Sar^-3«, 
or 4 cos" 8 - 3 cos 8 = 4a*- 3a; (34); 

.'. jr = cos6; .•. ^ = cos*8- 1 =- sin*8; 

••• Jy-J^^ .sinfl; 
.'. \l{co&3Q^J-l . 8inS8) = cos8*^- 1 . sin 8. 
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185. Required the nature of that parallelogram one of whose 
angles is 150^^ and its diagonals such that the square of their dif> 
ference is equal to twice their product. 



D 




ABCD is the parallelogram where z BAD ^ 150. 
Let AB, AB be denoted by a, h and BB, AC by A d. 
Then BC will also be denoted by a, and 

z i^BC=180-150 = S0. 

Now 2Drf=(D-d)"=D»-2Drf + rf»; 

.-. D»+rf»=4Drf. 
But a*+6"-2a6.cosl50 = I>" (50), 
or a*H-6' + 2fl5 . co8S0 = D" (4), 
and a* + ft*-2a6 . cos30 = rf" (50); 

.-. 2a»+26'=iy+d'=4l>rf; 
,-. a'+6»=2i>rf; 

D"rf" = (a" + *•)» - 4a* J* • cos? 30 

= a*+2a»i6»+6*-Sa*6« (17) 
= a*-a»6' + 6S- 
.-. a*+2a*6* + 6*=4a*-4a*6*+4i*; 
.-. 3 .(a* + ft*)-6a'6«=«:0; 
.-. a*- 2a" 6" + 6* = 0; 
.-. a«-6« = 0; 
.-. a»=:6», 
and a = b; 
therefore the parallelogram is a rhombus. 



oV2a'y-i-6* 
4 



MISCSILLANBOUS; 



US 



186. ABCD is a trapezium whose angles ABC, BCD are right 
angles^ and whose diagonals AC, BD also intersect each other at 
right angles in P. Find the sides and the area of ABCD and the 
sine and cosine of z A CD. 




Let CD = x, AC = D, BD = d. Then 5C = V(<^»-ar"). 
Now % = ^!^ ^^ — = sin CBD = cos BDC = sin ACD = cos ACB 



d sin BCD 



_BC_ J(d'-x') 
AC^ D 



•^ d 



5 ^ ttS ■* • * U' X^ ^ u ~~' CL JX y 



D» 



.-. (2)»+d«)j^ = rfS. .-. :r« = g^^and:r= ^ 



T^TS^ 



-CD (1); 



.-. BC^Jd'-x' = 



Dd 



JW+l' 



(2); 



•••^^V(^-^^V(^ ^'^' 



Also cos ACD= sin ACB = 



AB 



D 



and sin.4CD = *^^:^= ^ 



AC~J{iy+d^ 



(4)> 



8 



,-. ^D'= .<C+ CBf-^AC .CD. cos ACD (50) 



(S); 
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... .«.y{(-^j5^} <^ 

And area ^ triangle ABC + triangle ACD 

^ "^E^, sm B AC + ^^^-^. sin ACD (49) 
z z 

_D d f jy d' \ 

2 • j(iy + d*) \j{iy +d')* jiiy + dOJ 

Dd ( ly + d' 



Ud { jr + d' \ 






Dd /If + 



187- Given the logarithms of 2 and 3. Find the logarithm 
of 5184. 

5184b: 8 x648 = 8x8x81»:8x8x9x9=:8'xg* 

= (2*)' ^ (3T 
= 2*x8*; 

.% log5184 = log(2'x3*) 

= log 2' + log 3* (72) 
= 61og2 + 4log8 (71). 

188. Ifa=8in-»5l^J^and0=8in-»^5J^3. Thena+0 = -. 
Here 8ing = - '^ and sin^=:^^ — o^^> 

% z 

... 8in»0 = ^±5^j and .-. cos»ff=l -^^2^-^^; 

4 .44 
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V2 - ^2 . ^ 

s^ JL !3L — Clin *K ■— 



.'. COS d = '^'^ '^r ! ' = sin = cos f - - J ; 



9r 9r 

.'. d = - ~ and ^ + 4) = - . 
2 ^ ^2 



3 Q I 

189. If d = cos~* -:, <t> = COS"* :^ and >/^ = cos~* -; 



4' ^ — 16 

then 6 ■¥ <l> + >//■ = «•. 



8 



3 7 /7 

Here cos ^ = -r ; and /. sin*^ «?= 1 - :^ =t^ and sin = ^, 
4' 10 10 4 



cos0 = ~; .-. sin"^ = l 



81 175 



256 256 



and sin0 = 



tv\ rt\ — 2l • 



16 ' 



//I \i.\ /I ^ . n . ^ 3 9 J7 5^7 -1 

.'• cos(9 + ^) = cosd.GO80-sin6.sm^ = 7.--7 " 4"- ife" ~"q"» 



and .-. cos >^ = - = - cos (^ + ^) = cos {w - (^ + ([>)} (4) ; 



8 



/. ^ + ^ + >//■ = «•. 



190. sec-* ^2 - sec-* -y|^ =1 SO^ 



sec-* J2 - sec-* i^ ^ sec-* , 



n/2. 



2^2 



liV^^?^^^^ 



4 

= sec * V — I / 

^ '^" leys + 1). (3-^3)1 



(39) 



T I 



sec^* ( ^A:j) 



\2V3> 



8—2 
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= SO (18). 



191. cor'| + cotr>|-cor'^ = 60. 



«^■^'<^'{ (..Js^fl-VS) }=<-^-(^-^^^)' 



'i + catr'i = cot-Y2-lJj = catr'(-l) 



.-. cor' I + coir' i - cot-' ^-ji^ = cor' (-1)- 00^(2-^3) 






= 60 <20) 



192. cosec'* <yiO + cosec"* ^26 + cosecr* ^50 + cosec"' J65 = 45, 

\ 5 + 



= eosec-'r^^^ 



= cosec""*^4— • 
Again, 

= cosec-* ( s") ' 
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.-. cosec"* (>/lO) + cosec-* (J26) + cosec"* {J50) + cqsec"^ U65) 



= cosec"* \~T-) + cosec"* f *^ j 




^130 V65 



— -' — i'-.';/A--J <"' 



^65 ^130 



„/ 4 ' 3 
= cosec M — j^j — Y 



- (¥') 



= cosec 

= cosec"* (^ys) 
= 45 (16). 

193. tan-' (ar + 1) = 3 tan"' {x - 1). Determine (x). 
tan-' (ar + l) = 3 tan-'(ar - 1) 

••• 8(*'-l)-J^=(*-iy-3; 

... 3a:'-l±i=(x-l)'; 
«— 1 ' 

.•• 3a^-Sa^-x-l=a^~Sx' + Sx-l; 
and x-^J^, 
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194. chd'^.cosec 0:^2 tan-. Prove this by the expressions 

for sine and cosine of an arc^ in terms of the expontntial functions 
of that arc ; 

chdff»2Bm| = 2V 3j_i I (*8)j 

and cosec^ = -:—^ = ^^ --— 

sin 6 0V-» -OV-i 
€ -e 

.•. chd'^ . cosec^ = -7 — r . I | 

i . 







(58) 



6 
2 tan-. 
2 



195. 2 cosec 2 = — ?— ;; 7=- . Prove this by the impossible 

sm + cos 9 "^ ^ 

exponential functions of 6. 

^n .A ^ A COS0 sin 6 
2co8ec20 = cot0 + tan0 = -r— 5 + — ~ 

sm^ COS0 
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? ^ +€ e -e 



2 . 2J"1 /«x 

■ ■■ .■■■■ ■ ... ■ ■ ■ ' — — • — 



- C ^7^ ) 



4 

1 



^n/-! , 



2 



e — € € +€ 



"" 2V-1 



jL^ 1 



= 1 I X (58) 
cos + nn a ^ ' 

cosec^ + sec^ 
~ cos + sin ^ 

6 



sin a iTTTi eflV->_€-«V-> 



- I ■ ■ ■ ■ IM I ^— ^i^— ■ p ■ ■ » I 

2 
chd^ = 28m-= i--3 = A ' 

^ ^- 1 . €2 ^ 



chd^"^ 



1 / e V-I4. 1 \ 
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197« Apply Demoivre's formula to shew that 
!J/(co82n6«fc^-l . sm2n^)=='!y(co8 2m6«fc^- 1 . singm^) 

cosSna*^- 1 .8in2«a = (co8a±iy~l -sindy (56) 

= {(co86*^-1.8in0)"}-; 

.'. J(eo&2nd^J ^l . 8in2ii^) = (cos^A^~l . sin^)*. 
Similarly co8 2fn6 ^J-l.sin2fn0 = {(cos * ^ - 1 . sin ^•}" ; 

.-. V(co82ma±^-l .8in2m^) = (co8a*;y-l . sin^)* 

= ^(co8 2w6db^-l .8in2«^). 

Cor. Let m = 3 and n = 4, and we shall have 

X/{cos6Bd^J-l . sin6e) = \/{cosSe dc J ^ I .sinS^). 

198 If <^Q8 (^ - ^) ^ / /cos 2^ + ^-1 ,8in2» \ 
cos (^ + >//•) V \cos2^-^-l .8in20/ * 

Then tan . tan >//• = — t--j , 

cos20 + ^-l . sin 20 
cos 20 — ,7 - 1 . sin 2 

(cos 20 + J-l . sin20y 

"'(cos20 + ^— 1 . sin 20) . (cos20-jy-l . sin 20) 

(cos20 + ,y- 1 . sin20)* _ 
"" co8"20 + sin*20 ' 

//cos20 + J-1 . sin20\ ^^ . / , • o^ 

••• a/I TT^ — i — ; ^— z^ I = cos 20 + ^-1 . 8m20 

V \cos20-^--l . sm20/ ^ ^ ^ 

= (cos + ^ - 1 . sin 0)* (56) ; 
and .-. cos ^ - V - 1 . sin ^ = y {^^±^} ; 
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and 2 /^l sin*- /iSB^^td^X //£?!(lt±)l 
and 2^ - 1 . sin ^ - ^ l^-^y—^^l - ^ |_^^_^| . 

But ':::;-' -^ = ^!r-^"!r = ^-^r^-r^ (^s) 

^8<^V-i + i €<^V-i + g-<^V-i 2CO80 ^ ^ 

V tcos (^ + >1[^) J V tcos (B-yp^)] 
" /J cos (a - yj/) \ /J cos (g + >/^) 1 

V tcos(^ + >/,)! "*■ V lcos(d - x^)f 

cos (6 - \//^) - COS (0 4- >//•) 

" COS (^ - ^) + cos (6 + >//•) 

^ 2 sing, sip >f. . 
2cosg. cos>f/- 

= tan 6 . tan >/^. 



199. Prove that 

6 6 ^ ^ 

cos - . COS - . cos - =1, when v = 0. 

2 4 8 



6 6 6 1 
cos-, cos J. cos- ^ ^ gp 

sec-.secj.secg 



_ sing 

■""" 6 3 T 

sinO . sec- . sec- . sec— 

SS 4? o 

sing ,^ . 

= -g- (60) 
= 1, when g = 0. 



02 ^ 2g« 

g'+ — - + + 

200. tang=. \*^ y^'f'^ What is the value of (g) ? 

^ 3« 3» 

^ / g* 2g* \ 12 1 7 1 » 

Here cotg . (g» + -^ +-^-— + ) ^is^-iga +£3^- 

\ 1.3 1 .3.5 / 5 7 9 
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or cot0 . tand . a =3* --is" + i3^-is^+ ...(64); 

o o 1 

.'. e = tan60-itan»60 + itan*60^itan^60+...(19) 

S 5 7 

= 60° {59). 

201. Prove that 

^n lA sin2*. B 

cosB .CO920. cos4^.co886 cos^*'^d= . , 

z . • sin V 

and apply it to find in the equation, 

smsa. co8 80.cosl6^ co8256d=N-^J , 

. 2sin6.cos8 singg 

cos V = r — : — A ~ ;r~^ — ii 9 

2 Bind ^smS 

sin 40 

sin 80 



, . sing*. 

~«2 •" = 2sin'-'.tf ' 



.X. 



^- 1/1 sin2*0 

/. CO80 . cos26 * COS46 co8 2""'g= _, ' « n - 

z • sin V 

Now for 6 substitate SB, and let » = 6. 

^,^- sin 5120. sin 8(> 
Then sin 80 . cos80 . cos 160 cos 2560 = — ^^ ^^g^ — 

sin 5120 
"" 64 

— 1 
= gj- by hypotheas, 

.-. sin 512 = - 1 = sin 270 (12) 

and 5120 = 270. 

, . 270 135 
•"^^ = 512=256 

1 11 m IV 
= 31 .38 . 26 . 15. 
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of chords. 



Let arci^f = arc J5C = arc CD = ^ : 

A AC = 20 and AD ^30. 




Draw the diameter ilP and the chords PB, PC^ PD. 

Then PB = ehd (v - 0), 
PC = chd(7r-2^), 
PD= chd (^- 3 «). 
Let PB = x + ar\ 

Then by Vieta's property, 

PC=:^a! + ar^y 
and PD = ar + ar*. 

Now V(4 - chd" 6) = chd («■ - 6) (9) 

= j: + j:"* ; 
A 4.-chd'0 = aj* + 2+jr-»; 
•. chd»d=4-«~(aj* + ar^)==2~(«« + jr^)=-(a?»-2 + jr^=.(a.-a.-y; 

.-. chd0 = ^-l .(ar-ar»). 
Similarly chd 26 = ^ - 1 . (a:»- O^ 
chd36 = ^-l(a:'*-«-3); 
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chdga chdg a^-ar* (^-^^0 
" chdd chd2^"ar-ar* ar«-ar» 

(ar'^ar-«)'-(j?.^jry 
(x-ar»)(a:«-.jr«) 

(x^- 2 + g-^ - (ar - jr')' 
(ar-ar»)(a:«-ar') 

(j* -4- JT - jt' - or*) - (a? - JT^) 
ar«-ar« 

chdS^ 
"chdge* 

203 ^ 2e^ se^ 

1.2.3 1.2.3.4.5 1.2.3. 4. 5. 6. 7 

"1.2.3.4.5.6.7.8.9"^ 2^ 

gy 5fl* 76* 

1. 2. S^l. 2. S. 4. 5~ 1.2.3.4.5.6.7"*' 

a fl_/>_-ii?L 5^ 7y 

..o.CMO-o 1,2.3 + 1.2.3.4.5 1.2.3.4.5.6.7 

""*'^^=^-r:|-:3 -^ 1.2.^.4. 5 - i.2.3.r.5.6.7 -'--<^''^' 



• /» A fl. gfl* 46* 6y 

•*• 8'n<'-''-«>««'-i:27s~ 1.2. 3. 4. 5 1.2.3.4.5.6.7 

BJntf-e.CQgg tf gfl* 3^ 

2^ ~1.2.3 1.2.3.4.5'''l.2.3.4.5.6.7 

204. If 6 be »ery smally 3logO = log.tan6 + 2log.chd0. 
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6 + - — - (neglecting the higher powers of as indefinitely small) 

and sin^ = ^ + (6^) 

1.2.3 1.2.3.4.5 ^^ 

= 0— -^ (neglecting the higher powers of ^ as before) ; 



.•. tan ^ - sm ^ = -tt = tt *' 

o 2 

.-. 6» = 2(tand-sine) 

= 2tan^.(l-cos0) 

= 4 tan . sin' - 

2 

= tan0.chd«^; 

.•. 3logd = log.tan^ + 2log.chd^. 

205. If d be very small, then 2 log $ = log . tan B + log . sec 6. 



= 1 



1.2' 



andsecO=i^JL^^^-|^+ (65) 

. =1. ^ 



1.2' 



. Ai» „^^/, /, 1 a l-co8*d sin*d 

.-. a'=8eca-cos6 = ----3-cosd = 3—= ^=tane.secei 

cos (7 COS a . COS a ' 

.% 2log9==log.tand + log.sec^. 

CoR» Prom this and the preceding theorem it immediately 
appears that 5log^r=2(log.chda + l(^.tan^) + log.sec^. 
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306. l.(c<«'|-gm'|) + l.(co.'|-,m«|) 

+ 2{ . ( COS* - - sin* - j + = co8fl + -. 008*6 + -.co»'tf+ 

2.^co8*--8m«-)+-.^co8«--8m«-j + g.^c«**--8m*-)+ 

= g.(-«n«---.s.n^-- )_-.(_co8*---.oa««-- ) 

= i.log.(l-8in*|)-i.log.(l-co8*|) (75) 
= -. log,. cos*- -^. log,. sin*- 

= |-log«(l+COS^)-i.loge(l-C08a) (72) 

=:-.(C08d--.C08*d + -.C08"^- ) 

* 8 9 

^i(-C08^-icQB*^-i.C08»^-.; ) (75) 

= C08^ + - . COS'^ + - . COS*^ + 

o 5 



207. ver83d.8in0--.vers60.8in2O+-.vers9O.8in30-- = 0. 

vers 30 . 8in 6 = (l — cos 80) . sin = sin 6 — 8in . cos 30 

= sin - - . (2 cos 30 . sin 0), 
2 

1 11.1. 

- . ver860 . 8in20= (1 -cos60) .-. 8in20 - - . sin 20 - - • sin20 . cos 60 

2 z 2 ' 2 

* 

= - . sin 2 - - . f - . 2 cos 6 . sin 2 j , 



1 
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-.ver8 90.sin3^=(l--co8 9^).-.sin3^ = -,8iiiS^--.sin36.co890 
3 3 o o 



= i.sin30-|.Q.2cos9^.sin3aV 



.'. vers 3 ^ . sin ^ - - . vers 6 . sin 2 ^ + - . vers 9 . sin 3 ^ 



= (sind--.sin2 + -.sin30- ) 

^23 ^ 

i {(2cos3a.sinay-i.(2cos6^.sin2e) + i.(2cos9^.sin3e)- } 

S z 3 

- - - . {(sin 4^ - sin 2 6) - - . (sin 86 - sin 4,6) 

+ i.(sinl26-sin66)- } (6l) and (40^ 

---.(sin 46 --.sin 86 + -.sin 126- ) 

% % <w 3 

+ -.(8in26--.8in46 + -.sin66- ) 

aS 2 3 



=l-i-(¥)4-(¥) («^) 



2 2 






'^ 






r 



•J 



"W- 



r- "i- 




